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�¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© ¨ ¬ âà¨æë

1. �¥â®¤ � ãáá 

� áá¬®âà¨¬ ¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨©a11x1 + · · · + a1nxn = b1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
am1x1 + · · · + amnxn = bm

(1)

ª®íää¨æ¨¥­âë ª®â®à®© aij , bj § ¤ ­ë. � è  æ¥«ì { ­ ©â¨ ¢á¥ à¥è¥­¨ï ¨ ãª § âì  «£®à¨â¬
¤«ï ­ å®¦¤¥­¨ï ¢á¥å à¥è¥­¨©.

�¯à¥¤¥«¥­¨¥ 1.1. �¥è¥­¨¥¬ á¨áâ¥¬ë (1) ­ §ë¢ ¥âáï â ª®© ­ ¡®à ç¨á¥« (α1, . . . , αn),
çâ® ¤«ï ¢á¥å i = 1, . . . ,m ¢ë¯®«­¥­ë à ¢¥­áâ¢ 

ai1α1 + · · ·+ ainαn = bi.

�ë ¡ã¤¥¬ à §«¨ç âì á«¥¤ãîé¨¥ ¢¨¤ë á¨áâ¥¬ (1).

�¯à¥¤¥«¥­¨¥ 1.2. �¨áâ¥¬  (1) ­¥á®¢¬¥áâ­  , ¥á«¨ ®­  ­¥ ¨¬¥¥â à¥è¥­¨ï. �¨áâ¥¬  (1)
á®¢¬¥áâ­ , ¥á«¨ ®­  ¨¬¥¥â à¥è¥­¨¥. �®¢¬¥áâ­ ï á¨áâ¥¬  (1) ­¥®¯à¥¤¥«¥­­  , ¥á«¨ ®­  ¨¬¥¥â
¡®«¥¥ ®¤­®£® à¥è¥­¨ï. �®¢¬¥áâ­ ï á¨áâ¥¬  (1) ®¯à¥¤¥«¥­­ , ¥á«¨ ®­  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥.

�ë ¡ã¤¥¬ á®¢¥àè âì àï¤ ¯à¥®¡à §®¢ ­¨© á¨áâ¥¬ë (1), ­¥ ¬¥­ïîé¨¥ ¬­®¦¥áâ¢  ¥¥
à¥è¥­¨©.

�¯à¥¤¥«¥­¨¥ 1.3. �¢¥ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤  (1) íª¢¨¢ «¥­â­ë , ¥á«¨
®­¨ ¨¬¥îâ ®¤¨­ ª®¢ë¥ ¬­®¦¥áâ¢  à¥è¥­¨©.

�ë ¡ã¤¥¬ á®¢¥àè âì àï¤ ¯à®áâ¥©è¨å ¯à¥®¡à §®¢ ­¨© á¨áâ¥¬ë (1), á®åà ­ïîé¨å ¬­®-
¦¥áâ¢  à¥è¥­¨©. � ¬¥â¨¬, çâ® ¢á¥ ¨­ä®à¬ æ¨ï ® á¨áâ¥¬¥ (1) á®¤¥à¦¨âáï ¢ ¥¥ â ¡«¨æ¥ ¥¥
ª®íää¨æ¨¥­â®¢.

�¯à¥¤¥«¥­¨¥ 1.4. � âà¨æ¥© á¨áâ¥¬ë (1) ­ §ë¢ ¥âáï ¯àï¬®ã£®«ì­ ï â ¡«¨æ a11 · · · a1n

. . . . . . . . . . . . . . .
am1 · · · amn

 (2)

� áè¨à¥­­®© ¬ âà¨æ¥© á¨áâ¥¬ë (1) ­ §ë¢ ¥âáï ¯àï¬®ã£®«ì­ ï â ¡«¨æ a11 · · · a1n b1
. . . . . . . . . . . . . . . . . . . .
am1 · · · amn bm

 (3)

� ¬¥ç ­¨¥ 1.5. �­®£¤  à áè¨à¥­­ãî ¬ âà¨æã á¨áâ¥¬ë (1) ®¡®§­ ç îâ ç¥à¥§ a11 · · · a1n b1
· · · · · · · · · · · ·
am1 · · · amn bm

 .
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�¯à¥¤¥«¥­¨¥ 1.6. �«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï á¨áâ¥¬ë (1) (¥¥ (à áè¨à¥­­®©) ¬ â-
à¨æë) ­ §ë¢ îâáï í«¥¬¥­â à­ë¬¨ :

♦ ¯à¨¡ ¢«¥­¨¥ ª ®¤­®¬ã ãà ¢­¥­¨î (áâà®ª¥) ¤àã£®£® ãà ¢­¥­¨ï (¤àã£®© áâà®ª¨),
ã¬­®¦¥­­®£®(®©) ­  ¯à®¨§¢®«ì­®¥ ç¨á«®;

♥ ã¬­®¦¥­¨¥ ãà ¢­¥­¨¥ (áâà®ª¨) ­  ­¥­ã«¥¢®¥ ç¨á«®.

�¥®à¥¬  1.7. �à¨ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå ¯¥à¥å®¤¨¬ ª íª¢¨¢ «¥­â­®© á¨á-
â¥¬¥.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ¬ë á®¢¥àè ¥¬ ¯à¥®¡à §®¢ ­¨¥ â¨¯  ♦, ¨¬¥­­®,
ª i-®¬ã ãà ¢­¥­¨î ¯à¨¡ ¢«ï¥¬ j-®¥, ã¬­®¦¥­­®¥ ­  α. �á«¨ (β1, . . . , βn) { à¥è¥­¨¥ ¨áå®¤-
­®© á¨áâ¥¬ë (1). �á¥ ãà ¢­¥­¨ï ­®¢®© á¨áâ¥¬ë, ªà®¬¥ i-£®, ­¥ ¨§¬¥­¨«¨áì. �á«¨ ¬ë
¯®¤áâ ¢¨¬ ­ ¡®à (β1, . . . , βn) ¢ i-®¥ ãà ¢­¥­¨¥ ­®¢®© á¨áâ¥¬ë, â® ¯®«ãç¨¬

(ai1 + αaj1)β1 + · · ·+ (ain + αajn)βn =
(ai1β1 + · · ·+ ainβn) + α(aj1β1 + · · ·+ ajnβn) = bi + α+ bj .

� ª¨¬ ®¡à §®¬, (β1, . . . , βn) ï¢«ï¥âáï à¥è¥­¨¥¬ ­®¢®© á¨áâ¥¬ë. �®áª®«ìªã ¨áå®¤­ ï á¨á-
â¥¬ë (1) ¯®«ãç ¥âáï ¨§ ­®¢®© á¨áâ¥¬ë í«¥¬¥­â à­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ ¯à¨¡ «¥­¨¥¬ ª
i-®¬ã ãà ¢­¥­¨î j-£®, ã¬­®¦¥­­®£® ­  −α, â®  ­ «®£¨ç­®, ª ¦¤®¥ à¥è¥­¨¥ ­®¢®© á¨áâ¥¬ë
ï¢«ï¥âáï à¥è¥­¨¥¬ ¨áå®¤­®© á¨áâ¥¬ë.

�¯à ¦­¥­¨¥ 1.8. �®ª § âì, çâ® á®¢¥àè ï í«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï á® áâà®ª ¬¨
¬ âà¨æë ¬®¦­® ¢ ­¥© ¯¥à¥áâ ¢¨âì «î¡ë¥ ¤¢¥ áâà®ª¨.

�ã¤¥¬ ¯à¨¢®¤¨âì ¬ âà¨æã á¨áâ¥¬ë ª ­ ¨¡®«¥¥ ¯à®áâ®¬ã { áâã¯¥­ç â®¬ã ¢¨¤ã.

�¯à¥¤¥«¥­¨¥ 1.9. � âà¨æ  (3) ­ §ë¢ ¥âáï áâã¯¥­ç â®© , ¥á«¨

(1) ­¨¦¥ ­ã«¥¢®© áâà®ª¨ à á¯®«®¦¥­ë â®«ìª® ­ã«¥¢ë¥ áâà®ª¨;
(2) ¯¥à¢ë© ­¥­ã«¥¢®© ª ¦¤®© áâà®ª¨ à ¢¥­ 1;
(3) ¥á«¨ ¯¥à¢ë© ­¥­ã«¥¢®© i-®© áâà®ª¨ à á¯®«®¦¥­ ­  ¬¥áâ¥ (i, ki), â®

(a) ki+1 > ki;
(b) ¢á¥ í«¥¬¥­âë aj,ki = 0 ¤«ï ¢á¥å j 6= i.

�¥®à¥¬  1.10. � ¦¤ ï ¬ âà¨æ  ª®­¥ç­ë¬ ç¨á«®¬ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨©
áâà®ª ¯à¨¢®¤¨âáï ª áâã¯¥­ç â®¬ã ¢¨¤ã.

�®ª § â¥«ìáâ¢®. �ãáâì ¬ âà¨æ  A ¨¬¥¥â ¢¨¤ (3). �á«¨ A = 0, â® ®­  ã¦¥ ¨¬¥¥â
áâã¯¥­ç âë© ¢¨¤.

�ãáâì A 6= 0. �ã¤¥¬ ¢¥áâ¨ ¤®ª § â¥«ìáâ¢® ¨­¤ãªæ¨¥© ¯® ç¨á«ã áâà®ª m. �¥§ ®£à ­¨ç¥-
­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® ¢ ¯¥à¢®¬ áâ®«¡æ¥ ¥áâì ­¥­ã«¥¢®© í«¥¬¥­â ai1. �á«¨ i = 1,
â® ã¬­®¦¨¬ 1-ãî áâà®ªã ­  a−1

11 . �â ª, ¬®¦­® ¯à¥¤¯®« £ âì, çâ® a11 = 1. �«¥¤®¢ â¥«ì­®,
¥á«¨ m = 1, â® â¥®à¥¬  ¤®ª § ­ .

�ãáâì m > 1, ¨ ¤«ï m− 1 â¥®à¥¬  ¤®ª § ­ . �«ï ª ¦¤®£® i > 1 ¢ëçâ¥¬ ¨§ i-®© áâà®ª¨
¯¥à¢ãî áâà®ªã, ã¬­®¦¥­­ãî ­  ai1a

−1
11 . � ­®¢®© ¬ âà¨æ¥ ¢á¥ ª®íää¨æ¨¥­âë ai1 = 0, i > 1.

� áá¬®âà¨¬ ¯®¤¬ âà¨æã B ¢ A, ¯®«ãç îéãîáï ®â¡à áë¢ ­¨¥¬ ¯¥à¢®© áâà®ª¨. �®
¨­¤ãªæ¨¨ ¬®¦­® áç¨â âì, çâ® ¬ âà¨æ  B ¨¬¥¥â áâã¯¥­ç âë© ¢¨¤. �ãáâì ¢ ¬ âà¨æ¥ B
¯¥à¢ë¥ ­¥­ã«¥¢ë¥ í«¥¬¥­âë à á¯®«®¦¥­ë ¢ áâ®«¡æ å á ­®¬¥à ¬¨ 1 < k2 < k3 < · · · .
�ëçâ¥¬ ¨§ ¯¥à¢®© áâà®ª¨ 2-ãî áâà®ªã, ã¬­®¦¥­­ãî ­  a1,k2 , âà¥âìî áâà®ªã 3-ãî áâà®ªã,
ã¬­®¦¥­­ãî ­  a1,k3 , ¨ â. ¤.

�¯à¥¤¥«¥­¨¥ 1.11. �ãáâì ¬ âà¨æ  á¨áâ¥¬ë (1) ¨¬¥¥â áâã¯¥­ç âë© ¢¨¤. � §®¢¥¬
­¥¨§¢¥áâ­ãî xi £« ¢­®©, ¥á«¨ ¢ ­¥ª®â®à®¬ ãà ¢­¥­¨¨ ¢á¥ ª®íää¨æ¨¥­âë ¯à¨ x1, . . . , xi−1

à ¢­ë ­ã«ï,   ª®íää¨æ¨¥­â ¯à¨ xi ®â«¨ç¥­ ®â ­ã«ï (¨ ¯®â®¬ã à ¢¥­ 1). ¢á¥ ®áâ «ì­ë¥
­¥¨§¢¥áâ­ë¥ ­ §®¢¥¬ á¢®¡®¤­ë¬¨.
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�à¨¬¥­¨¬ â¥®à¥¬ë 1.7, 1.10 ª ¨áá«¥¤®¢ ­¨î á¨áâ¥¬ë (1). � á¨«ã ãª § ­­ëå â¥®à¥¬
¬®¦­® áç¨â âì, çâ® à áè¨à¥­­ ï ¬ âà¨æ  á¨áâ¥¬ë (1) ¨¬¥¥â áâã¯¥­ç âë© ¢¨¤.

�ãáâì ¥¥ ¯®á«¥¤­ïï ­¥­ã«¥¢ ï áâà®ª  ¨¬¥¥â ¢¨¤

(0, . . . , 0, 1). (4)

�â® ®§­ ç ¥â, çâ® á¨áâ¥¬ë (1) á®¤¥à¦¨â ãà ¢­¥­¨¥

0x1 + · · ·+ 0xn = 1,

çâ® ­¥¢®§¬®¦­®. �«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  ­¥á®¢¬¥áâ­ .
�ãáâì ¢ A ­¥â áâà®ª¨ (4). �à¥¤¯®«®¦¨¬ ¤«ï ¯à®áâ®âë, çâ® ¯¥à¥¬¥­­ë¥ x1, . . . , xr

£« ¢­ë¥,   xr+1, . . . , xn á¢®¡®¤­ë¥. �®£¤  á¨áâ¥¬  ¨¬¥¥â ¢¨¤
x1 +a1,r+1xr+1 + · · ·+ a1nxn = b1

x2 +a2,r+1xr+1 + · · ·+ a2nxn = b2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xr +ar,r+1xr+1 + · · ·+ arnxn = br

(5)

�¥à¥­®áï á¢®¡®¤­ë¥ ¯¥à¥¬¥­­ë¥ ¢ ¯à ¢ãî ç áâì, ¯®«ãç ¥¬ ¢ëà ¦¥­¨¥ £« ¢­ëå ­¥¨§¢¥áâ-
­ëå ç¥à¥§ á¢®¡®¤­ë¥ 

x1 = b1 − a1,r+1xr+1 − · · · − a1nxn
x2 = b2 − a2,r+1xr+1 − · · · − a2nxn
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
xr = br − ar,r+1xr+1 − · · · − arnxn.

(6)

� ª¨¬ ®¡à §®¬, ¯à¨¤ ¢ ï á¢®¡®¤­ë¬ ­¥¨§¢¥áâ­ë¬ ¯à®¨§¢®«ì­ë¥ §­ ç¥­¨ï, ¬ë ®¤­®§­ ç­®
­ å®¤¨¬ §­ ç¥­¨ï £« ¢­ëå ­¥¨§¢¥áâ­ëå. �â ª, á¨áâ¥¬  á®¢¬¥áâ­ , ¨, ¥á«¨ ¥áâì á¢®¡®¤­ë¥
­¥¨§¢¥áâ­ë¥, â® á¨áâ¥¬  ­¥®¯à¥¤¥«¥­­ . �á«¨ ¢á¥ ­¥¨§¢¥áâ­ë¥ £« ¢­ë¥, â® á¨áâ¥¬  ®¯à¥-
¤¥«¥­­ .

�¯à¥¤¥«¥­¨¥ 1.12. �¨áâ¥¬  (1) ®¤­®à®¤­ , ¥á«¨ ¢á¥ ¥¥ á¢®¡®¤­ë¥ ç«¥­ë ­ã«¥¢ë¥, â.
¥. b1 = · · · = bm = 0.

�à¥¤«®¦¥­¨¥ 1.13. �á«¨ ¢ ®¤­®à®¤­®© á¨áâ¥¬¥ ç¨á«® ­¥¨§¢¥áâ­ëå n ¡®«ìè¥ ç¨á« 
ãà ¢­¥­¨© m, â® á¨áâ¥¬  ­¥®¯à¥¤¥«¥­­ .

�®ª § â¥«ìáâ¢®. �à¨¢¥¤¥¬ á¨áâ¥¬ã ª áâã¯¥­ç â®¬ã ¢¨¤ã. �á­®, çâ® á­®¢  ¯®«ãç¨¬
®¤­®à®¤­ãî á¨áâ¥¬ã, ¯à¨ç¥¬ ç¨á«® £« ¢­ëå ­¥¨§¢¥áâ­ëå ­¥ ¯à¥¢®áå®¤¨â ç¨á«  ­¥­ã«¥¢ëå
ãà ¢­¥­¨©, â. ¥. ­¥ ¢á¥ ­¥¨§¢¥áâ­ë¥ £« ¢­ë¥.

2. � âà¨æë ¨ ®¯¥à æ¨¨ ­ ¤ ­¨¬¨

�¯à¥¤¥«¥­¨¥ 1.14. Mat(n×m) { ¢á¥å ¬ âà¨æ (¯àï¬®ã£®«ì­ëå â ¡«¨æ) á n áâà®ª ¬¨
¨ m áâ®«¡æ ¬¨. �á«¨ A ∈ Mat(n × m), â® ¬ë ¡ã¤¥¬ â ª¦¥ ¯¨á âì A = An×m. �á«¨
An×m = (aij), Bn×m = (bij), â® ¯®« £ ¥¬ A+B = (aij + bij). �à®¬¥ â®£®, λAn×m = (λaij).

�à¥¤«®¦¥­¨¥ 1.15. �ãáâì A,B,C ∈ Mat(n ×m) ¨ λ, ν { ç¨á« . �®£¤  á¯à ¢¥¤«¨¢ë
á«¥¤ãîé¨¥ 8  ªá¨®¬ ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢ :

(1) A+B = B +A;
(2) A+ (B + C) = (A+B) + C;
(3) ¥á«¨ 0 { ­ã«¥¢ ï ¬ âà¨æ  (¢á¥ ¥¥ ª®íää¨æ¨¥­âë à ¢­ë ­ã«î), â® A+ 0 = A ¤«ï

«î¡®© ¬ âà¨æë A;
(4) ¤«ï «î¡®© ¬ âà¨æë A áãé¥áâ¢ã¥â â ª ï ¬ âà¨æ  −A, çâ® A+ (−A) = 0;
(5) λ(A+B) = λA+ λB;
(6) (λ+ ν)A = λA+ νA;
(7) (λν)A = λ(νA);
(8) 1A = A.
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�®ª § â¥«ìáâ¢®. �à¨¢¥¤¥¬, ­ ¯à¨¬¥à, ¤®ª § â¥«ìáâ¢® ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï, �á«¨
A = (aij), B = (bij), â® A + B = (aij + bij) = (bij + aij) = B + A. �áâ «ì­ë¥ ãâ¢¥à¦¤¥­¨ï
¤®ª §ë¢ îâáï  ­ «®£¨ç­®î

�¯à¥¤¥«¥­¨¥ 1.16. �ãáâì

An×m = (aij), Cm×k = (cst).

�®£¤  D = AC ∈ Mat(n× k) = (dis), £¤¥ ¤«ï ¢á¥å i = 1, . . . , n, s = 1, . . . , k

dis = ai1d1s + · · ·+ aindns (7)

�à¥¤«®¦¥­¨¥ 1.17. �¬­®¦¥­¨¥ ¬ âà¨æ  áá®æ¨ â¨¢­®, â.¥. (AC)F = A(CF ) ¤«ï
«î¡ëå ¬ âà¨æ

A ∈ Mat(n×m), C ∈ Mat(m× k), F ∈ Mat(k × l).

�®ª § â¥«ìáâ¢®. �ãáâì

A = An×m = (aij), C = Cm×k = (cst), F = Fk×l = (ftq).

�á«¨ D ¨§ ®¯à¥¤¥«¥­¨ï 1.16, â® ¯® (7) ­  ¬¥áâ¥ (i, q) ¢ ¬ âà¨æ¥ (AC)F = DF áâ®¨â í«¥¬¥­â∑k
=1 di,f,q =∑k

=1

∑n
=1 ai,d,f,q. (8)

� ¤àã£®© áâ®à®­ë, ¥á«¨
CF = U = (ui,) ∈ Mat(m× l),

â® ­  ¬¥áâ¥ (i, q) ¢ ¬ âà¨æ¥ A(CF ) = AU áâ®¨â í«¥¬¥­â∑n
=1 ai,u,q =∑n

=1

∑k
=1 ai,d,f,q. (9)

�§ (8), (9) ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥.

�à¥¤«®¦¥­¨¥ 1.18. �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ :

(1) λ(AB) = (λA)B = A(λB).
(2) A(B + C) = AB +AC, (A+ U)V = AV + UV.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, ­ ¯à¨¬¥à, ¢â®à®¥ ãâ¢¥à¦¤¥­¨¥. �ãáâì A = (aij), B =
(bij), C = (cij). �®£¤  ­  ¬¥áâ¥ (i, j) ¢ ¬ âà¨æ¥ A(B + C) áâà®¨â í«¥¬¥­â∑

aik(bkj + ckj) =
∑

aikbkj +
∑

aikckj ,

ª®â®àë© à ¢¥­ í«¥¬¥­âã, áâ®ïé¥¬ã ­  â® ¦¥ ¬¥áâ¥ ¢ ¬ âà¨æ¥ AB +AC. � ª ª ª à §¬¥àë
¬ âà¨æ A(B+C) ¨ AB+AC á®¢¯ ¤ îâ, â® ®­¨ à ¢­ë. �­ «®£¨ç­® ¯à®¢¥àïîâáï ®áâ «ì­ë¥
ãâ¢¥à¦¤¥­¨ï.

�¯à¥¤¥«¥­¨¥ 1.19. �ãáâì A = (aij) ∈ Mat(n). �«¥¤®¬ trA ­ §ë¢ ¥âáï a11 + · · ·+ann.

�à¥¤«®¦¥­¨¥ 1.20. �ãáâì A,B ∈ Mat(n). �®£¤  tr(AB) = tr(BA).

�®ª § â¥«ìáâ¢®. �ãáâì A = (aij), B = (bij). �®£¤  ­  ¬¥áâ¥ (i, i) ¢ ¬ âà¨æ¥ AB
áâ®¨â

∑n
j=1 aijbji, ®âªã¤ 

tr(AB) =
n∑

i,j=1

aijbji.

�­ «®£¨ç­®,

tr(BA) =
n∑

s,t=1

bstats =
n∑

s,t=1

atsbst = tr(AB).
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�¯à¥¤¥«¥­¨¥ 1.21. �¨¬¢®« �à®­¥ª¥à  δij à ¢¥­ 1, ¥á«¨ i = j, ¨ 0, ¥á«¨ i 6= j. �¤¨-
­¨ç­ ï ¬ âà¨æ  E = En ∈ Mat(n) { íâ® ¬ âà¨æ , ¢ ª®â®à®© ­  ¬¥áâ¥ (i, j) áâ®¨â á¨¬¢®«
�à®­¥ª¥à  δij .

�à¥¤«®¦¥­¨¥ 1.22. �ãáâì A ∈ Mat(n×m). �®£¤  EnA = A = AEm.

�®ª § â¥«ìáâ¢®. �ãáâì A = (aij). �®£¤  ­  ¬¥áâ¥ (i, j) ¢ ¬ âà¨æ¥ EnA áâ®¨â

n∑
k=1

δikakj = δiiaij = aij ,

â. ¥. EnA = A.

�¯à¥¤¥«¥­¨¥ 1.23. �ãáâì A ∈ Mat(n×m). �®£¤  âà ­á¯®­¨à®¢ ­­ ï ¬ âà¨æ  tA =
A∗ ∈ Mat(m× n) { íâ® ¬ âà¨æ , ¢ ª®â®à®© ­  ¬¥áâ¥ (i, j) áâ®¨â í«¥¬¥­â aji ¬ âà¨æë A.

�à¥¤«®¦¥­¨¥ 1.24. t(A+B) = tA+tB, t(λA) = λtA, t(AC) = tCtA.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, ­ ¯à¨¬¥à, ¯®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥. � ¬ âà¨æ¥ t(AC) ­ 
¬¥áâ¥ (i, j) áâ®¨â

∑
k ajkcki =

∑
k ckiajk, â. ¥. í«¥¬¥­â, áâ®ïé¥© ­  â®¬ ¦¥ ¬¥áâ¥ ¢ ¬ âà¨æ¥

tCtA.
�­ «®£¨ç­® ¤®ª §ë¢ îâáï ®áâ «ì­ë¥ ãâ¢¥à¦¤¥­¨ï.

�¯à¥¤¥«¥­¨¥ 1.25. � âà¨ç­ë¥ ¥¤¨­¨æë Eij ∈ Mat(n × m) { íâ® ¬ âà¨æë Eij , ¢
ª®â®àëå ­  ¬¥áâ¥ (s, t) áâ®¨â í«¥¬¥­â δsiδtj , â. ¥. ­  ¬¥áâ¥ (i, j) áâ®¨â 1, ¨ ¢á¥ ®áâ «ì­ë¥
í«¥¬¥­âë à ¢­ë 0.

�¯à ¦­¥­¨¥ 1.26. �®ª § âì, çâ®

♠ tEij = Eji;
♣ ¥á«¨ A = (aij), â® A =

∑
i,j aijEij .

�à¥¤«®¦¥­¨¥ 1.27. EijErs = δjrEis.

�®ª § â¥«ìáâ¢®. �  ¬¥áâ¥ (u, v) ¢ EijErs áâ®¨â í«¥¬¥­â∑
p

(δuiδpj)(δpiδvs) =

{
1, u = i = p = j, v = s;
0 ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�âáî¤  ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥.

�«¥¤áâ¢¨¥ 1.28. �ãáâì A = (ars) ∈ Mat(n×m). �®£¤ 

EijA = aj1Ei1 + · · ·+ ajmEim,

AEij = a1iE1j + · · ·+ anjEni.

�¥®à¥¬  1.29. �â®¡ë ¢ ¬ âà¨æ¥ A ∈ Mat(n × m) ª i-®© áâà®ª¥ ¯à¨¡ ¢¨âì j-ãî,
ã¬­®¦¥­­ãî ­  α ­ã¦­® à áá¬®âà¥âì ¬ âà¨æã (En + αEij)A.

�®ª § â¥«ìáâ¢®. �® ¯à¥¤«®¦¥­¨ï¬ 1.18, 1.27, ã¯à ¦­¥­¨ï¬ 1.22, ♣ ¨ á«¥¤áâ¢¨î 1.28

(En + αEij)A = EnA+ αEijA =
A+ α(aj1Ei1 + · · ·+ ajmEim) =

∑
rs arsErs + (αaj1)Ei1 + · · ·+ (αajm)Eim =∑

r 6=i,s arsErs +
∑
i,s(ais + αajs)Eis.

�«¥¤áâ¢¨¥ 1.30. �â®¡ë ¢ ¬ âà¨æ¥ A ∈ Mat(n × m) ª i-®¬ã áâ®«¡æã ¯à¨¡ ¢¨âì
j-ë©, ã¬­®¦¥­­ãî ­  α ­ã¦­® à áá¬®âà¥âì ¬ âà¨æã A(Em + αEji).

�¡®§­ ç¥­¨¥ 1.31. �®«®¦¨¬ Di(α) = En + (α− 1)Eii ∈ Mat(n).
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�¥®à¥¬  1.32. �â®¡ë ¢ ¬ âà¨æ¥ A ∈ Mat(n×m) i-ãî áâà®ªã (áâ®«¡¥æ) ã¬­®¦¨âì
­  α ­ã¦­® à áá¬®âà¥âì ¬ âà¨æã Di(α)A (ADi(α)).

�®ª § â¥«ìáâ¢®. �ãáâì A = (aij). � ¬¥â¨¬, çâ® ¢ ¬ âà¨æ¥ Di(α) ­  ¬¥áâ¥ (s, t)
áâ®¨â δst + (α− 1)δisδit. �®íâ®¬ã ¢ ¬ âà¨æ¥ Di(α)A ­  ¬¥áâ¥ (p, q) áâ®¨â∑

r(δpr + (α− 1)δipδir)arq =
∑
r δprarq + (α− 1)

∑
r δipδirarq =

apq + (α− 1)δipaiq =

{
apq, i 6= q;
αaiq, p = i.

� ¬¥ç ­¨¥ 1.33. � â¥à¬¨­ å ¬ âà¨ç­®£® ã¬­®¦¥­¨ï ã¤®¡­® § ¯¨áë¢ âì á¨áâ¥¬ë «¨-
­¥©­ëå ãà ¢­¥­¨©. �¬¥­­®, á¨áâ¥¬ë (1) ¨¬¥¥â ¢¨¤ AX = b, £¤¥ A { ¬ âà¨æ  (2) á¨áâ¥¬ë
(1),

X =

x1

...
xn


{ áâ®«¡¥æ ­¥¨§¢¥áâ­ëå,

b =

 b1
...
bm


{ áâ®«¡¥æ á¢®¡®¤­ëå ç«¥­®¢.
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�­®¦¥áâ¢  ¨ ®â®¡à ¦¥­¨ï. �¥à¥áâ ­®¢ª¨

1. �­®¦¥áâ¢  ¨ ®â®¡à ¦¥­¨ï.

�¯à¥¤¥«¥­¨¥ 2.1. �â®¡à ¦¥­¨¥

f : X → Y. (10)

�â®¡à ¦¥­¨¥ (10)

(1) ¨­ê¥ªâ¨¢­®, ¥á«¨ ¤«ï «î¡ëå x, y ∈ X ¨§ f(x) = f(y) á«¥¤ã¥â x = y;
(2) áîàê¥ªâ¨¢­®, ¥á«¨ ¤«ï «î¡®£® y ∈ Y áãé¥áâ¢ã¥â â ª®¥ x ∈ X, çâ® f(x) = y;
(3) ¡¨¥ªâ¨¢­®, ¥á«¨ ®­® ¨­ê¥ªâ¨¢­® ¨ áîàê¥ªâ¨¢­®.

�¡®§­ ç¥­¨¥ 2.2. �ãáâì § ¤ ­® ®â®¡à ¦¥­¨¥ (10). �«ï «î¡®£® y ∈ Y ¯®«®¦¨¬

f−1(y) = {x ∈ X|f(x) = y}.

�¯à ¦­¥­¨¥ 2.3. �®ª § âì, çâ® ®â®¡à ¦¥­¨¥ (10)

(1) ¨­ê¥ªâ¨¢­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  |f−1(y)| ≤ 1 ¤«ï «î¡®£® y ∈ Y ;
(2) áîàê¥ªâ¨¢­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  |f−1(y)| ≥ 1 ¤«ï «î¡®£® y ∈ Y ;
(3) ¡¨¥ªâ¨¢­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  |f−1(y)| = 1 ¤«ï «î¡®£® y ∈ Y .

�¯à¥¤¥«¥­¨¥ 2.4. �ãáâì f : X → Y, g : Y → Z. �à®¨§¢¥¤¥­¨¥ (ª®¬¯®§¨æ¨ï) ®â®¡à -
¦¥­¨© gf : X → Z. �®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ 1X : X → X. �¡à â­®¥ ®â®¡à ¦¥­¨¥
f−1 : Y → X.

�à¥¤«®¦¥­¨¥ 2.5. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

(1) ã¬­®¦¥­¨¥ ®â®¡à ¦¥­¨©  áá®æ¨ â¨¢­®;
(2) ¯à®¨§¢¥¤¥­¨¥ ¨­ê¥ªâ¨¢­ëå ®â®¡à ¦¥­¨© ¨­ê¥ªâ¨¢­®;
(3) ¯à®¨§¢¥¤¥­¨¥ áîàê¥ªâ¨¢­ëå ®â®¡à ¦¥­¨© áîàê¥ªâ¨¢­®;
(4) ¥á«¨ f ¨§ (10), â® 1Y f = f1X = f ;
(5) ¥á«¨ f ¨§ (10), â® f−1f = 1X ¨ ff−1 = 1Y ;
(6) ®¡à â­®¥ ®â®¡à ¦¥­¨¥ ª f ¨§ (10) áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f

¡¨¥ªâ¨¢­®.

�¯à ¦­¥­¨¥ 2.6. �­®¦¥áâ¢® X ª®­¥ç­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  «î¡®¥ ¨­ê¥ª-
â¨¢­®¥ (áîàê¥ªâ¨¢­®¥) ®â®¡à ¦¥­¨¥ X → X ¡¨¥ªâ¨¢­®.

2. �¥à¥áâ ­®¢ª¨

�ãáâì Xn = {1, 2, . . . , n}.

�¯à¥¤¥«¥­¨¥ 2.7. �¥à¥áâ ­®¢ª®© (¯®¤áâ ­®¢ª®©) áâ¥¯¥­¨ n ­ §ë¢ ¥âáï ¡¨¥ªâ¨¢­®¥
®â®¡à ¦¥­¨¥ Xn ¢ á¥¡ï. �¥à¥§ Sn ®¡®§­ ç ¥âáï ¬­®¦¥áâ¢® ¢á¥å ¯¥à¥áâ ­®¢®ª áâ¥¯¥­¨ n.

�à¥¤«®¦¥­¨¥ 2.8. �à®¨§¢¥¤¥­¨¥ ¯¥à¥áâ ­®¢®ª ¨ ®¡à â­ ï ¨ â®¦¤¥áâ¢¥­­ ï ¯¥à¥-
áâ ­®¢ª¨ á­®¢  ï¢«ïîâáï ¯¥à¥áâ ­®¢ª ¬¨. �¬­®¦¥­¨¥ ¯¥à¥áâ ­®¢®ª  áá®æ¨ â¨¢­®.

�®ª § â¥«ìáâ¢®. �ã¦­® ¢®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥­¨¥¬ 2.5.

11
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�¡®§­ ç¥­¨¥ 2.9. �ãáâì σ ∈ Sn. �®£¤  ¥á«¨ Xn = {i1, . . . , in}, â® σ ®¤­®§­ ç­®
§ ¤ ¥âáï ¢ ¢¨¤¥ ¤¢ãáâà®ç­®© ¬ âà¨æë

σ =
(

i1 . . . in
σ(i1) . . . σ(i1)

)
(11)

�¯à ¦­¥­¨¥ 2.10. �ãáâì σ ¨§ (11), ¨

τ =
(
j1 . . . jn
i1 . . . in

)
.

�®£¤ 

στ =
(

j1 . . . jn
σ(i1) . . . σ(in)

)
¨

σ−1 =
(
σ(i1) . . . σ(in)
i1 . . . i1

)
�¯à¥¤¥«¥­¨¥ 2.11. �ãáâì i1, . . . , ik { à §«¨ç­ë¥ ç¨á«  ¨§ Xn. �¨ª«®¬ (i1, . . . , ik) ∈

Sn ¤«¨­ë k ­ §ë¢ ¥âáï â ª ï ¯¥à¥áâ ­®¢ª  σ, çâ® ¤«ï m ∈ Xn

σ(m) =


is+1, ¥á«¨ m = is, s < k;
i1, ¥á«¨ m = ik;
m, , ¥á«¨ m ∈ Xn \ {i1, . . . , ik}.

�¢  æ¨ª«  (i1, . . . , ik), (j1, . . . , js) ∈ Sn ­¥§ ¢¨á¨¬ë, ¥á«¨ ¢á¥ í«¥¬¥­âë i1, . . . , ik, j1, . . . , js
à §«¨ç­ë.

�¥®à¥¬  2.12. �î¡ ï ¯¥à¥áâ ­®¢ª  à §« £ ¥âáï ¢ ¯à®¨§¢¥¤¥­¨¥ ­¥§ ¢¨á¨¬ëå æ¨ª-
«®¢.

�®ª § â¥«ìáâ¢®. �ãáâì σ ∈ Sn. �®¦­® áç¨â âì, çâ® σ 6= 1. �®§ì¬¥¬ ¯à®¨§¢®«ì­ë©
í«¥¬¥­â k, 1 ≤ k ≤ n, ¨ ¯à¥¤¯®«®¦¨¬, çâ® í«¥¬¥­âë k0 = k, k1 = σk, k2 = σ2k, . . . , kl = σlk
à §«¨ç­ë, ­® σl+1k = σsk, £¤¥ 0 ≤ s ≤ l.

�¥¬¬  2.13. s = 0.

�®ª § â¥«ìáâ¢®. �á«¨ s > 0, â® σ(ks−1) = σ(kl), çâ® ­¥¢®§¬®¦­®, ¨¡® σ ¤¥©áâ¢ã¥â
¨­ê¥ªâ¨¢­® ­  X = {1, . . . , n}, ­® ks−1 6= kl ¢ á¨«ã ¢ë¡®à  l.

�â ª, ­  ¬­®¦¥áâ¢¥ {k0, k1, . . . , kl} ¯®¤áâ ­®¢ª  σ ¤¥©áâ¢ã¥â ª ª(
k0 k1 . . . kl−1 kl
k1 k2 . . . kl k0

)
�ë¡¥à¥¬ â¥¯¥àì ¯à®¨§¢®«ì­®¥ ç¨á«® j, 1 ≤ j ≤ n, ¯à¨ç¥¬ j /∈ {k0, k1, . . . , kl}. � ª ¨ ¢ëè¥
áâà®¨¬ ¬­®¦¥áâ¢® {j0, j1, . . . , jt}, ­  ª®â®à®¬ ¯®¤áâ ­®¢ª  σ ¤¥©áâ¢ã¥â ª ª æ¨ª«(

j0 j1 . . . jt−1 jt
j1 j2 . . . jt j0

)
�¥¬¬  2.14. �á¥ í«¥¬¥­âë k0, k1, . . . , kl, j0, j1, . . . , jt à §«¨ç­ë.

�®ª § â¥«ìáâ¢®. �ãáâì jr = kq. �®£¤ 

j0 = σ−rjr ∈ {k0, k1, . . . , kl},

çâ® ­¥¢®§¬®¦­®.
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�à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¯®«ãç ¥¬ ¯®¤áâ ­®¢ªã

τ =
(
k0 k1 . . . kl−1 kl
k1 k2 . . . kl k0

)(
j0 j1 . . . jt−1 jt
j1 j2 . . . jt j0

)
· · · .

�¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® τ = σ.

�à¥¤«®¦¥­¨¥ 2.15. �ãáâì π ∈ Sn ¨ (i1, . . . , ik) { æ¨ª« ¨§ Sn. �®£¤ 

π(i1, . . . , ik)π−1 = (π(i1), . . . , π(ik)).

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª .

�¯à¥¤¥«¥­¨¥ 2.16. �à ­á¯®§¨æ¨¥© ­ §ë¢ ¥âáï æ¨ª« ¤«¨­ë 2.

�¥®à¥¬  2.17. � ¦¤ ï ¯¥à¥áâ ­®¢ª  ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ âà ­á¯®§¨æ¨©.

�®ª § â¥«ìáâ¢®. (i1, . . . , ik) = (i1, i2)(i2, i3) · · · (ik−1, ik).

�¯à¥¤¥«¥­¨¥ 2.18. �ãáâì i1, . . . , in { ¯®á«¥¤®¢ â¥«ì­®áâì à §«¨ç­ëå ç¨á¥« ¨§ Xn.
�­¢¥àá¨¥© ¢ íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­ §ë¢ ¥âáï â ª ï ¯ à  is, it, çâ® s < t ¨ is > it. �­ -
ª®¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­ §ë¢ ¥âáï ç¨á«® (−1)M , £¤¥ M { ç¨á«® ¨­¢¥àá¨© ¢ ¯®á«¥¤®¢ -
â¥«ì­®áâ¨. �á«¨ ¯®¤áâ ­®¢ª  σ ∈ Sn ¨¬¥¥â ¤¢ãáâà®ç­ãî § ¯¨áì (11), £¤¥ i1 = 1, . . . , in = n,
â® §­ ª (−1)σ ¯¥à¥áâ ­®¢ª¨ σ à ¢¥­ §­ ªã ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨§ ¢â®à®© áâà®ª¨.

�¥®à¥¬  2.19. �ãáâì § ¤ ­  ¯¥à¥áâ ­®¢ª  (11), £¤¥ ik = k ¤«ï ¢á¥å k. �à¥¤¯®«®-
¦¨¬, çâ® § ¤ ­ë à §«¨ç­ë¥ ç¨á«  y1, . . . , yn. �®£¤ 

(−1)sigma =
∏

1≤s<t≤n

yσt − yσs
yt − ys

. (12)

�®ª § â¥«ìáâ¢®. �á«¨ ¯ à  σs, σt ®¡à §ã¥â ¨­¢¥àá¨î, â® ¢ ç¨á«¨â¥«ì ¤à®¡¨ (12)
¢å®¤¨â yσt−yσs,   ¢ §­ ¬¥­ â¥«¥ ¢áâà¥ç ¥âáï yσs−yσt. �à¨ ¤¥«¥­¨¨ ¢®§­¨ª ¥â ¬­®¦¨â¥«ì
-1. �á«¨ ¦¥ íâ  ¯ à  ­¥ ®¡à §ã¥â ¨­¢¥àá¨¨, â® ¯à¨ ¤¥«¥­¨¨ ¢®§­¨ª ¥â ¬­®¦¨â¥«ì 1.

�¥®à¥¬  2.20. �ãáâì σ, τ ∈ Sn. �®£¤  (−1)στ = (−1)σ(−1)τ .

�®ª § â¥«ìáâ¢®. �ãáâì y1, . . . , yn { à §«¨ç­ë¥ ç¨á« . �®£¤  ¨ ç¨á« 

z1 = yτ1, . . . , zn = yτn

à §«¨ç­ë. �® â¥®à¥¬¥ 2.19 ¨¬¥¥¬

(−1)στ =
∏

1≤s<t≤n
yστt − yστs
yt − ys

=∏
1≤s<t≤n

yστt − yστs
yτt − yτs

∏
1≤s<t≤n

yτt − yσs
yt − ys

=∏
1≤s<t≤n

zσt − zσs
zt − zs

∏
1≤s<t≤n

yτt − yσs
yt − ys

=

(−1)σ(−1)τ .

�«¥¤áâ¢¨¥ 2.21. (−1)σ
−1

= (−1)σ.

�®ª § â¥«ìáâ¢®. �¬¥¥¬

σ−1σ = ε =
(

1 . . . n
1 . . . n

)
.

�«¥¤®¢ â¥«ì­®,

1 = (−1)ε = (−1)σ
−1σ = (−1)σ

−1
(−1)σ.
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�«¥¤áâ¢¨¥ 2.22. �á«¨ σ ∈ Sn ¨¬¥¥â ¯à®¨§¢®«ì­ãî ¤¢ãáâà®ç­ãî § ¯¨áì (11), â®
§­ ª σ à ¢¥­ ¯à®¨§¢¥¤¥­¨î §­ ª®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨§ ­¨¦­¥© ¨ ¢¥àå­¥© áâà®ª.

�®ª § â¥«ìáâ¢®. �¥à¥áâ ­®¢ª  (11) à ¢­  ¯à®¨§¢¥¤¥­¨î ¯¥à¥áâ ­®¢®ª ψτ , £¤¥

ψ =
(
i1 . . . in
1 . . . n

)
, τ =

(
1 . . . n
σ1 . . . σn

)
.

�à¨ íâ®¬ ¯® á«¥¤áâ¢¨î 2.21 §­ ª ψ à ¢¥­ ç¨á«ã ¨­¢¥àá¨© ¢ ¢¥àå­¥© áâà®ª¥ σ,   §­ ª τ {
ç¨á«ã ¨­¢¥àá¨© ¢ ­¨¦­¥© áâà®ª¥ σ. �áâ ¥âáï ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 2.20.

�¥®à¥¬  2.23. �­ ª âà ­á¯®§¨æ¨¨ à ¢¥­ -1.

�®ª § â¥«ìáâ¢®. �® ¯à¥¤«®¦¥­¨î 2.15 ¨¬¥¥¬

(i, j) =
(

1 2 . . .
i j . . .

)
(1, 2)

(
1 2 . . .
i j . . .

)−1

.

�«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ 2.20 ¨ á«¥¤áâ¢¨î 2.21 §­ ª¨ (i, j) ¨ (1,2) á®¢¯ ¤ îâ. �¥¯®-

áà¥¤áâ¢¥­­ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® (−1)(1,2) = −1.

�«¥¤áâ¢¨¥ 2.24. �á«¨ ¯®¤áâ ­®¢ª  à §«®¦¥­  ¢ ¯à®¨§¢¥¤¥­¨¥ s âà ­á¯®§¨æ¨©, â®
¥¥ §­ ª à ¢¥­ (−1)s. � ç áâ­®áâ¨, §­ ª æ¨ª«  ¤«¨­ë k à ¢¥­ (−1)k−1.

�®ª § â¥«ìáâ¢®. �ã¦­® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 2.17.

�¯à¥¤¥«¥­¨¥ 2.25. �¥à¥áâ ­®¢ª  ç¥â­ , ¥á«¨ ®­  ¨¬¥¥â §­ ª 1, ¢ ¯à®â¨¢­®¬ á«ãç ¥
®­  ­¥ç¥â­ . �¥à¥§ An ®¡®§­ ç ¥âáï ¬­®¦¥áâ¢® ¢á¥å ç¥â­ëå ¯¥à¥áâ ­®¢®ª ¨§ Sn.

�¥®à¥¬  2.26. |Sn| = n!, |An| =
n!
2
.

�®ª § â¥«ìáâ¢®. �â®¡à ¦¥­¨¥ σ 7→ σ(1, 2) ¯¥à¥¢®¤¨â An ¢ Sn \An ¨ ­ ®¡®à®â.



����� 3

�¯à¥¤¥«¨â¥«¨, ®¡à â­ ï ¬ âà¨æ 

1. �¯à¥¤¥«¨â¥«¨

�¯à¥¤¥«¥­¨¥ 3.1. �ãáâì § ¤ ­  ª¢ ¤à â­ ï ¬ âà¨æ 

A =

a11 · · · a1n

. . . . . . . . . . . . . .
an1 · · · ann

 (13)

�¯à¥¤¥«¨â¥«¥¬ detA = |A| ­ §ë¢ ¥âáï ç¨á«®

detA =
∑
σ∈Sn

(−1)σa1,σ1 · · · an,σn. (14)

�¥®à¥¬  3.2. �ãáâì A { ¢¥àå­¥âà¥ã£®«ì­ ï ¬ âà¨æ . �®£¤ 

detA = a11 · · · ann.

�®ª § â¥«ìáâ¢®. � ¬ âà¨æ¥ A í«¥¬¥­â aij = 0, ¥á«¨ i > j. � ª¨¬ ®¡à §®¬, ¥á«¨ ¢
®¯à¥¤¥«¨â¥«¥ detA ¯à®¨§¢¥¤¥­¨¥ ∑

σ∈Sn

(−1)σa1,σ1 · · · an,σn

®â«¨ç­® ®â ­ã«ï, â® 1 ≤ σ1, 2 ≤ σ2, . . . , n ≤ σn. �ç¨âë¢ ï, çâ® ¨­¤¥ªáë σ1, . . . , σn
à §«¨ç­ë, ¯®«ãç ¥¬ n = σn, σ(n− 1) = n− 1, . . . , σ1 = 1.

�¥®à¥¬  3.3 (�à®áâ¥©è¨¥ á¢®©áâ¢  ®¯à¥¤¥«¨â¥«ï) . �á«¨ ®¤­  ¨§ áâà®ª A ï¢«ï¥âáï
«¨­¥©­® ª®¬¡¨­ æ¨¥© ¤¢ãå áâà®ª, â® detA ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ®¯à¥¤¥«¨â¥-
«¥© á®®â¢¥âáâ¢ãîé¨å ¬ âà¨æ.

�®ª § â¥«ìáâ¢®. �ãáâì s- ï áâà®ª  ï¢«ï¥âáï ãª § ­­®© «¨­¥©­®© ª®¬¡¨­ æ¨¥©, â.
¥. asj = αa′sj + βa′′sj ¤«ï ¢á¥å j = 1, . . . , n. �®£¤ 

detA =
∑
σ∈Sn

(−1)σa1,σ1 · · · as−1,σ(s−1)(αa′s,σs + βa′′s,σs)as+1,σ(s+1) · · · an,σn =

α
∑
σ∈Sn

(−1)σ)a1,σ1 · · · as−1,σ(s−1)a
′
s,σsas+1,σ(s+1) · · · an,σn +

β
∑
σ∈Sn

(−1)σa1,σ1 · · · as−1,σ(s−1)a
′′
s,σsas+1,σ(s+1) · · · an,σn.

�«¥¤áâ¢¨¥ 3.4. �à¨ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå áâà®ª â¨¯  ♥ ¨§ £« ¢ë 1 ®¯à¥-
¤¥«¨â¥«ì ¬ âà¨æë ã¬­®¦ ¥âáï ­  ãª § ­­®¥ ç¨á«®.

�¥®à¥¬  3.5. �á«¨ ¢ A ¤¢¥ áâà®ª¨ à ¢­ë, â® detA = 0.

15
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�®ª § â¥«ìáâ¢®. �ãáâì ¢ A i- ï ¨ j- ï áâà®ª¨ à ¢­ë, â. ¥. aik = ajk ¤«ï ¢á¥å k, £¤¥
i < j. � (14) ¢å®¤¨â ¯à®¨§¢¥¤¥­¨¥

a1,σ1 · · · ai,σi · · · aj,σj · · · an,σn (15)

á® §­ ª®¬ (−1)σ. � ¬¥â¨¬, çâ® ¢ (14) ¢å®¤¨â â ª¦¥ ¯à®¨§¢¥¤¥­¨¥

a1,σ1 · · · ai,σj · · · aj,σi · · · an,σn (16)

á® §­ ª®¬ (−1)σ(i,j) = −(−1)σ ¢ á¨«ã â¥®à¥¬¬ 2.20 ¨ 2.23. �® ãá«®¢¨î ¯à®¨§¢¥¤¥­¨ï (15),
(16) à ¢­ë.

�¥®à¥¬  3.6. �à¨ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå ♦ ¨§ £« ¢ë 1 ®¯à¥¤¥«¨â¥«ì ­¥ ¬¥-
­ï¥âáï.

�®ª § â¥«ìáâ¢®. �ë¤¥«¨¬ ¢ ¬ âà¨æ¥ A áâà®ª¨ Ai ¨ Aj á ­®¬¥à ¬¨ i < j,

A =


· · ·
Ai
· · ·
Aj
· · ·

 .

�®á«¥ ¯à¥®¡à ¢§®¢ ­¨ï ♦ ¨§ £« ¢ë 1 ¯®«ãç ¥¬ ¬ âà¨æã
· · ·

Ai + λAj
· · ·
Aj
· · ·

 .

�¥ ®¯à¥¤¥«¨â¥«ì ¯® â¥®à¥¬¥ 3.3 ¨ â¥®à¥¬¥ 3.5 à ¢¥­∣∣∣∣∣∣∣∣∣∣
· · ·

Ai + λAj ,
· · ·
Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
· · ·
Ai
· · ·
Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
+ λ

∣∣∣∣∣∣∣∣∣∣
· · ·
Aj
· · ·
Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
= detA.

�«¥¤áâ¢¨¥ 3.7. �á«¨ ¢ ¬ âà¨æ¥ ¯¥à¥áâ ¢¨âì ¤¢¥ áâà®ª¨, â® ®¯à¥¤¥«¨â¥«ì ¨§¬¥-
­¨â §­ ª.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî ¬ âà¨æã B, ¢ ª®â®à®© i- ï ¨ j- ï
áâà®ª¨ à ¢­ë áã¬¬¥ Ai +Aj i-®© ¨ j-®© áâà®ª ¨áå®¤­®© ¬ âà­¨æë A,

B =


· · ·

Ai +Aj
· · ·

Ai +Aj
· · ·

 .

�®£¤  ¯® â¥®à¥¬¥ 3.3

detB = ∣∣∣∣∣∣∣∣∣∣
· · ·

Ai +Aj
· · ·

Ai +Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
· · ·
Ai
· · ·

Ai +Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
· · ·
Aj
· · ·

Ai +Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
· · ·
Ai
· · ·
Ai
· · ·

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
· · ·
Ai
· · ·
Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
· · ·
Aj
· · ·
Ai
· · ·

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
· · ·
Aj
· · ·
Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
· · ·
Ai
· · ·
Aj
· · ·

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
· · ·
Aj
· · ·
Ai
· · ·

∣∣∣∣∣∣∣∣∣∣
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�âáî¤  ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  3.8. detA = det(tA).

�®ª § â¥«ìáâ¢®. � (14) ¢å®¤¨â ¯à®¨§¢¥¤¥­¨¥ (15) á® §­ ª®¬

(−1)ç¥â­®áâì (i1,... ,in).

�­® ¢å®¤¨â ¢ det(tA) á® §­ ª®¬

(−1)ç¥â­®áâì (j1,... ,jn).

�ã¦­® ¢®á¯®«ì§®¢ âìáï á«¥¤áâ¢¨¥¬ 2.21.

�«¥¤áâ¢¨¥ 3.9. �á¥ á¢®©áâ¢  áâà®ª ¢ detA á¯à ¢¥¤«¨¢ë ¨ ¤«ï áâ®«¡æ®¢.

�¥®à¥¬  3.10 (�¯à¥¤¥«¨â¥«ì á ã£«®¬ ­ã«¥©) . �ãáâì

A ∈ Mat(n), C ∈ Mat(n×m), C ∈ Mat(m).

�®£¤  ∣∣∣∣∣∣
A C

0 B

∣∣∣∣∣∣ = detAdetB. (17)

�®ª § â¥«ìáâ¢®. �à¨¢¥¤¥¬ ¬ âà¨æë A ¨ B ª áâã¯¥­ç â®¬ã ¢¨¤ã.

A 


a11 a12 . . . a1,n−1 a1n

0 a22 . . . a2,n−1 a2,n

0
. . .

. . .
. . .

...
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . 0 ann

 , B  


b11 b12 . . . b1,m−1 b1m
0 b22 . . . b2,m−1 b2,m

0
. . .

. . .
. . .

...
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . 0 bmm

 .

�®£¤  ¯® â¥®à¥¬ ¬ 3.6, 3.2 ¨ á«¥¤áâ¢¨î 3.4

detA = λa11 · · · ann, detB = µb11 · · · bmm,

£¤¥ λ, µ ¢®§­¨ª îâ ¨§-§  ¯à¨¬¥­¥­¨ï ¯à¥®¡à §®¢ ­¨© â¨¯  ♥. �¥ ¦¥ ¯à¥®¡à §®¢ ­¨ï, ¯à¨-
¬¥­¥­­ë¥ ª ¬ âà¨æ¥ (17), ¯à¨¢®¤ïâ ¥¥ ª ¢¥àå­¥âà¥ã£®«ì­®¬ã ¢¨¤ã á í«¥¬¥­â ¬¨

a11, . . . , ann, b11, . . . , bmm

¯® £« ¢­®© ¤¨ £®­ «¨. �à¨ íâ®¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë (17) à ¢¥­

λµa11 · · · annb11 · · · bmm = detAdetB.

�«¥¤áâ¢¨¥ 3.11. �¯à¥¤¥«¨â¥«ì ‚ ­¤¥à¬®­¤ 

W (x1, . . . , xn) =

∣∣∣∣∣∣∣∣∣∣
1 1 . . . 1
x1 x2 . . . xn
x2

1 x2
2 . . . x2

n

. . . . . . . . . . . . . . . . . . . . . . . .
xn−1

1 xn−1
2 . . . xn−1

n

∣∣∣∣∣∣∣∣∣∣
=

∏
1≤i<j≤n

(xj − xi).



18 3. ������������, �������� �������

�®ª § â¥«ìáâ¢®. �«ãç © n = 2 ®ç¥¢¨¤¥­. �ãáâì ¤«ï n−1 ãâ¢¥à¦¤¥­¨¥ ¢¥à­®. �®£¤ 
¢ëçâ¥¬ ¨§ ª ¦¤®© áâà®ª¨, ­ ç¨­ ï á­¨§ã, ¯à¥¤ë¤ãéãî, ã¬­®¦¥­­ãî ­  x1. �®«ãç ¥¬

W (x1, . . . , xn) =

∣∣∣∣∣∣∣∣∣∣
1 1 . . . 1
0 x2 − x1 . . . xn − x1

0 x2
2 − x2x1 . . . x2

n − xnx1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 xn−1

2 − xn−2
2 x1 . . . xn−1

n − xn−2
n x1

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
x2 − x1 . . . xn − x1

x2
2 − x2x1 . . . x2

n − xnx1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
xn−1

2 − xn−2
2 x1 . . . xn−1

n − xn−2
n x1

∣∣∣∣∣∣∣∣ =

(x2 − x1) · · · (xn − x1)

∣∣∣∣∣∣∣∣∣∣
1 1 . . . 1
x2 x3 . . . xn
x2

2 x2
3 . . . x2

n

. . . . . . . . . . . . . . . . . . . . . . . .
xn−2

2 xn−2
3 . . . xn−2

n

∣∣∣∣∣∣∣∣∣∣
=

(x2 − x1) · · · (xn − x1)W (x2, . . . , xn) =
∏

2≤i<j≤n(xj − xi) =
∏

1≤i<j≤n(xj − xi).

�¥®à¥¬  3.12. �ãáâì A,B ∈ Mat(n). �®£¤  det(AB) = detAdetB.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî ¬ âà¨æã∣∣∣∣∣∣
A 0

−E B

∣∣∣∣∣∣ . (18)

�à ­á¯®­¨àãï ¬ âà¨æã (18) ¯®«ãç ¥¬ ­®¢ãî ¬ âà¨æã∣∣∣∣∣∣
tA −E

0 tB

∣∣∣∣∣∣
á â¥¬ ¦¥ ®¯à¥¤¥«¨â¥«¥¬, à ¢­ë¬ detAdetB. ¯® â¥®à¥¬¥ â¥®à¥¬¥ 3.10. � ¤àã£®© áâ®à®­ë,
¯à¨¡ ¢«ïï ¢ ª ¦¤®¬ã áâ®«¡æã á ­®¬¥à®¬ j > n «¨­¥©­ãî ª®¬¡¨­ æ¨î ¯¥à¢ëå n áâ®«¡æ®¢ á
ª®íää¨æ¨¥­â ¬¨, á®®â¢¥âáâ¢¥­­®, b1j , b2j , · · · , bnj , ¯®«ãç ¥¬, çâ® ®¯à¥¤¥«¨â¥«ì (18) à ¢¥­
®¯à¥¤¥«¨â¥«î ¬ âà¨æë ∣∣∣∣∣∣

A AB

−E 0

∣∣∣∣∣∣ ,
ª®â®àë© á ¯®¬®éìî n ¯¥à¥áâ ­®¢®ª áâ®«¡æ®¢ á¢®¤¨âáï ª ®¯à¥¤¥«¨â¥«î

(−1)n

∣∣∣∣∣∣
AB A

0 −E

∣∣∣∣∣∣ = det(Ab)(−1)2n = det(AB).

�¯à¥¤¥«¥­¨¥ 3.13. �¨­®à®¬ Mij , 1 ≤ i, j ≤ n, ¬ âà¨æë (13) ­ §ë¢ ¥âáï ®¯à¥¤¥«¨-
â¥«ì ¬ âà¨æë à §¬¥à  n − 1, ¯®«ãç îé¥©áï ¢ëç¥àª¨¢ ­¨¥¬ i-®© áâà®ª¨ ¨ j-£® áâ®«¡æ .
�«£¥¡à ¨ç¥áª¨¬ ¤®¯®«­¥­¨¥¬ Aij ­ §ë¢ ¥âáï (−1)i+jMij .

�¥®à¥¬  3.14 (� §«®¦¥­¨¥ ®¯à¥¤¥«¨â¥«ï ¯® áâà®ª¥ (áâ®«¡æã)) . �«ï ¬ âà¨æë A ¨§
(13) ¨ «î¡®£® i = 1, . . . , n ¨¬¥¥¬

detA = ai1Ai1 + · · ·+ ainAin.
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�®ª § â¥«ìáâ¢®. �¬¥¥¬

(ai1, . . . , ain) =
n∑
j=1

(0, . . . , 0, aij , 0, . . . , 0)

�®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 3.3 ¬®¦­® áç¨â âì, çâ® i- ï áâà®ª  ¨¬¥¥â ¢¨¤

(0, . . . , 0, aij , 0, . . . , 0)

�¥à¥áâ ¢«ïï íâã áâà®ªã ­  ¯¥à¢®© ¬¥áâ® á® ¢á¥¬¨ ¯à¥¤ë¤ãé¨¬¨ ¬ë ã¬­®¦¨¬ ®¯à¥¤¥«¨-
â¥«ì ¬ âà¨æë ­  (−1)i−1. � â¥¬ ¯¥à¥áâ ¢«ïï áâ®«¡æë ¬ë ã¬­®¦¨¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë
­  (−1)j−1. �â ª, ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ã¬­®¦¨âáï ­  (−1)i+j ¨ ¯® â¥®à¥¬¥ 3.10 ®­ áâ ­¥â
à ¢­ë¬ aijMij .

�«¥¤áâ¢¨¥ 3.15 (� «ìè¨¢®¥ à §«®¦¥­¨¥) . �á«¨ i 6= j, â®

ai1Aj1 + · · ·+ ainAjn = 0.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§®¢ âìáï â¥®à¥¬®© 3.5 ¤«ï ¢á¯®¬®£ â¥«ì­®© ¬ âà¨æë, ¯®-
«ãç îé¥©áï ¨§ A § ¬¥­®© j-®© áâà®ª¨ ­  i-ãî.

�¡®§­ ç¥­¨¥ 3.16. �ãáâì § ¤ ­  ª¢ ­¤à â­ ï ¬ âà¨æ  A = (aij) ∈ Mat(n). �¥à¥§

ÂMat(n) ®¡®§­ ç¨¬ ¬ âà¨æã, ¢ ª®â®à®© ­  ¬¥áâ¥ (i, j) áâ®¨â  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥
Aji.

�¥®à¥¬  3.17. �á«¨ A ∈ Mat(n), â® AÂ = ÂA = |A|En.

�®ª § â¥«ìáâ¢®. �  ¬¥áâ¥ (i, j) ¢ AÂ áâ®¨â

ai1Aj1 + · · ·+ ainAjn = 0.

�áâ ¥âáï ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 3.14 ¨ á«¥¤áâ¢¨¥¬ 3.15.

�¥®à¥¬  3.18. �ãáâì A ∈ Mat(n). �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
(1) ¬ âà¨æ  A í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ áâà®ª ¯à¨¢®¤¨âáï ª ¥¤¨­¨ç­®©

¬ âà¨æ¥ En;
(2) |A| 6= 0.

�®ª § â¥«ìáâ¢®. � ¥â¨¬, çâ® ¥á«¨ ¬ âà¨æ  A ¯à¨¢®¤¨âáï í«¥¬¥­â à­ë¬¨ ¯à¥®¡-
à §®¢ ­¨ï¬¨ áâà®ª ª áâã¯¥­ç â®© ¬ âà¨æ¥ B, â® ®¯à¥¤¥«¨â¥«¨ |A|, |B| ®â«¨ç îâáï ­ 
­¥­ã«¥¢®© ¬­®¦¨â¥«ì.

�ãáâì ¢ë¯®«­¥­® ¯¥à¢®¥ ãá«®¢¨¥. �®£¤  |A| ¯®«ãç ¥âáï ¨§ ®¯à¥¤¥«¨â¥«ï ¥¤¨­¨ç­®©
¬ âà¨æë, à ¢­®£® 1, ã¬­®¦¥­¨¥¬ ­  ­¥­ã«¥¢®© ç¨á«®. �®íâ®¬ã ¢â®à®¥ ãá«®¢¨¥ ¢ë¯®«­¥­®.

�¡à â­®, ¯ãáâì ¢ë¯®«­¥­® ¢â®à®¥ ãá«®¢¨¥. �®£¤  ¬ âà¨æ  A ¯à¨¢®¤¨âáï ª áâã¯¥­ç â®©
ª¢ ¤à â­®© ¬ âà¨æ¥ B, ®¯à¥¤¥«¨â¥«ì ª®â®à®© ®â«¨ç¥­ ®â ­ã«ï. �®íâ®¬ã B = E.

2. �¡à â­ ï ¬ âà¨æ . � âà¨ç­ë¥ ãà ¢­¥­¨ï

�¯à¥¤¥«¥­¨¥ 3.19. �ãáâì A ∈ Mat(n). � âà¨æ  A−1 ∈ Mat(n) ­ §ë¢ ¥âáï ®¡à â­®©
ª A, ¥á«¨ AA−1 = A−1A = En.

�à¥¤«®¦¥­¨¥ 3.20. �á«¨ i 6= j, β 6= 0, â® (E + αEij)−1 = E − λEij , Di(β)−1 =
Di(β−1).

�®ª § â¥«ìáâ¢®. �ã¦­® ¢®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥­¨¥¬ 1.27.

�à¥¤«®¦¥­¨¥ 3.21. �á«¨ A−1 áãé¥áâ¢ã¥â, â® ®­  ¥¤¨­áâ¢¥­­ .

�®ª § â¥«ìáâ¢®. �ãáâì § ¤ ­ë ¤¢¥ ®¡à â­ë¥ B,C ª A. �®£¤  AC = E = BA,
®âªã¤  B = B(AC) = (BA)C = .
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�¥®à¥¬  3.22. �ãáâì A ∈ Mat(n). �¡à â­ ï ¬ âà¨æ  A−1 áãé¥áâ¢ã¥â â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  detA 6= 0.

�®ª § â¥«ìáâ¢®. �ãáâì ¬ âà¨æ  A−1 áãé¥áâ¢ã¥â. � á¨«ã ®¯à¥¤¥«¥­¨ï 3.19 ¨ â¥®-
à¥¬ë 3.12 ¯®«ãç ¥¬ 1 = detAdet(A−1). �®íâ®¬ã detA 6= 0.

�¡à â­®, ¯ãáâì detA 6= 0. � áá¬®âà¨¬ ¬ âà¨æã

B =
1
|A|

Â = (bij), £¤¥ bij =
Aji

detA
. (19)

�® â¥®à¥¬¥ 3.17 BA = AB = E, â. ¥. B = A−1.

�¥®à¥¬  3.23 (�¥®à¥¬  �à ¬¥à ) . �¢ ¤à â­ ï á¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© AX =
b á ¬ âà¨æ¥© A ®¯à¥¤¥«¥­­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  detA 6= 0. �á«¨ detA 6= 0, â®
à¥è¥­¨¥ ­ å®¤¨âáï ¯® ä®à¬ã«¥

xi =
detA′i
detA

, (20)

£¤¥ ¬ âà¨æ  A′i ¯®«ãç ¥âáï ¨§ A § ¬¥­®© i-£® áâ®«¡æ  ­  b.

�®ª § â¥«ìáâ¢®. �á«¨ á¨áâ¥¬  AX = b ®¯à¥¤¥«¥­­ , â® ¢á¥ ¥¥ ­¥¨§¢¥áâ­ë¥ £« ¢­ë¥.
� íâ®¬ á«ãç ¥ áâã¯¥­ç âë© ¢¨¤ A ï¢«ï¥âáï ¥¤¨­¨ç­®© ¬ âà¨æ¥©. �®íâ®¬ã detA 6= 0 ¢ á¨«ã
â¥®à¥¬¥ 3.18.

�¡à â­®, ¯ãáâì detA 6= 0. �® â¥®à¥¬¥ 3.18 áâã¯¥­ç âë© ¢¨¤ ¬ âà¨æë A ï¢«ï¥âáï
¥¤¨­¨ç­®© ¬ âà¨æ¥©. �®íâ®¬ã á¨áâ¥¬  ®¯à¥¤¥«¥­­ .

�ãáâì detA 6= 0. �® â¥®à¥¬¥ 3.22 áãé¥áâ¢ã¥â A−1. �¬­®¦¨¬ ãà ¢­¥­¨¥ ­  A−1 ¨ ¯®«ã-
ç¨¬ X = A−1b. �®¤áâ ¢«ïï (19) ¨ ¯®«ì§ãïáì à §«®¦¥­¨¥¬ A′i ¯® i-¬ã áâ®«¡æã, § ¢¥àè ¥¬
¤®ª § â¥«ìáâ¢®.

�®à¬ã«  (19) ¯®§¢®«ï¥â ¢ëç¨á«ïâì í«¥¬¥­âë A−1. �ª ¦¥¬ ¤àã£®© á¯®á®¡ ¢ëç¨á«¥­¨ï
A−1. �«ï íâ®£® ­ã¦­® à¥è¨âì ¬ âà¨ç­®¥ ãà ¢­¥­¨¥ AX = En. � áá¬®âà¨¬ ¡®«¥¥ ®¡é¨©
á«ãç © ¬ âà¨ç­®£® ãà ¢­¥­¨ï AX = B, £¤¥ A ∈ Mat(n), detA 6= 0, ¨ X,B ∈ Mat(n×m).

�¥®à¥¬  3.24. �®áâ ¢¨¬ à áè¨à¥­­ãî ¬ âà¨æã (A|B) ¨ ¯à¨¢¥¤¥¬ ¥¥ í«¥¬¥­â à-
­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ª áâã¯¥­ç â®¬ã ¢¨¤ã (E|C). �®£¤  C = X.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬ ¬ 1.29, 1.32 ¬ë ã¬­®¦ ¥¬ ãà ¢­¥­¨¥ AX = B ­  ­¥-
ª®â®àë¥ í«¥¬¥­â à­ë¥ ®¡à â¨¬ë¥ ¬ âà¨æë (á¬. ¯à¥¤«®¦¥­¨¥ 3.20) Z1 · · ·Zk. �¥¬ á ¬ë¬
¬ë ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î Z1 · · ·ZkAX = Z1 · · ·ZkB, ¯à¨ç¥¬ ¯® ãá«®¢¨î Z1 · · ·ZkA = E.
�âáî¤  X = Z1 · · ·ZkB = C.

� ¬¥â¨¬, çâ® ¢ ãá«®¢¨¨ â¥®à¥¬ë 3.24 à¥è¥­¨¥ ãà ¢­¥­¨ï AX = B ¥¤¨­áâ¢¥­­®, â ª
ª ª ®­® ¨¬¥¥â ¢¨¤ X = A−1B.
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�¨­¥©­ë¥ ¯à®áâà ­áâ¢ . � ­£ ¬ âà¨æë ¨ ¥£®

¯à¨«®¦¥­¨ï

1. �¨­¥©­ë¥ ¯à®áâà ­áâ¢ 

�¯à¥¤¥«¥­¨¥ 4.1. �­®¦¥áâ¢® V ­ §ë¢ ¥âáï «¨­¥©­ë¬ (¢¥ªâ®à­ë¬)
¯à®áâà ­áâ¢®¬ , ¥á«¨ ¢ V ®¯à¥¤¥«¥­  ®¯¥à æ¨ï á«®¦¥­¨ï x + y í«¥¬¥­â®¢ ¨§ V , ­ §ë¢ -
¥¬ëå ¢¥ªâ®à ¬¨, ¨ ®¯¥à æ¨ï αx ã¬­®¦¥­¨ï ¢¥ªâ®à  x ­  ç¨á«® α �à¨ íâ®¬ ¢ë¯®«­¥­ë
á«¥¤ãîé¨¥  ªá¨®¬ë:

(1) á«®¦¥­¨¥  áá®æ¨ â¨¢­®, â. ¥. (x+ y) + z = x+ (y + z) ¤«ï ¢á¥å x, y, z ∈ V ;
(2) á«®¦¥­¨¥ ª®¬¬ãâ â¨¢­®, â. ¥. x+ y = y + x ¤«ï ¢á¥å x, y ∈ V ;
(3) áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â 0 ∈ V , ­ §ë¢ ¥¬ë© ­ã«¥¬, çâ® x+ 0 = x ¤«ï ¢á¥å x ∈ V ;
(4) ¤«ï «î¡®£® x ∈ V áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â −x ∈ V , ­ §ë¢ ¥¬ë© ¯à®â¨¢®¯®«®¦-

­ë¬ ª x, çâ® x+ (−x) = 0;
(5) ¥á«¨ α, β { ç¨á«  ¨ x ∈ V , â® (αβ)x = α(βx);
(6) ¥á«¨ α, β { ç¨á«  ¨ x ∈ V , â® (α+ β)x = αx+ βx;
(7) ¥á«¨ α { ç¨á«® ¨ x, y ∈ V , â® α(x+ y) = αx+ αy;
(8) ¥á«¨ x ∈ V , â® 1x = x.

�à¨¬¥àë 4.2. �à¨¬¥à ¬¨ ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ ï¢«ïîâáï Mat(n × m), ¢¥ªâ®àë
¯«®áª®áâ¨ R2, ¯à®áâà ­áâ¢  R3, ¢á¥ äã­ªæ¨¨ ­  ®âà¥§ª¥ [a, b] ¨ â. ¤.

�à¥¤«®¦¥­¨¥ 4.3. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

(1) ­ã«¥¢®© í«¥¬¥­â ¥¤¨­áâ¢¥­;
(2) ¯à®â¨¢®¯®«®¦­ë© í«¥¬¥­â ®¯à¥¤¥«¥­ ®¤­®§­ ç­®;
(3) 0x = α0 = 0;
(4) (−1)x = −x.
�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬ âà¥âì¥ ãâ¢¥à¦¤¥­¨¥. �¬¥¥¬ 0x = (0 + 0)x = 0x + 0x.

�âáî¤ 

0 = 0x+ (−0x) = (0x+ 0x) + (−0x) = 0x+ (0x+ (−0x)) = 0x+ 0 = 0x.

�«¥¤áâ¢¨¥ 4.4. (α− β)x = αx− βx, α(x− y) = αx− αy.
�¯à¥¤¥«¥­¨¥ 4.5. �¨áâ¥¬  ¢¥ªâ®à®¢ x1, . . . , xn «¨­¥©­®£® ¯à®áâà ­áâ¢  «¨­¥©­® § -

¢¨á¨¬ , ¥á«¨ áãé¥áâ¢ã¥â â ª®© ­¥­ã«¥¢®© ­ ¡®à ç¨á¥« α1, . . . , αn (â. ¥. ­¥ ¢á¥ íâ¨ ç¨á« 
à ¢­ë ­ã«î), çâ®

α1x1 + · · ·+ αnxn = 0. (21)

�¨áâ¥¬  ¢¥ªâ®à®¢ x1, . . . , xn «¨­¥©­®£® ¯à®áâà ­áâ¢  «¨­¥©­® ­¥§ ¢¨á¨¬  , ¥á«¨ ¤«ï «î¡ëå
ç¨á¥« α1, . . . , αn ¨§ (21) ¢ëâ¥ª ¥â, çâ®

α1 = · · · = αn = 0.

� ¬¥ç ­¨¥ 4.6. �î¡ ï ª®­¥ç­ ï á¨áâ¥¬  ¢¥ªâ®à®¢ «¨­¥©­®£® ¯à®áâà ­áâ¢  «¨¡® «¨-
­¥©­® ­¥§ ¢¨á¨¬ , «¨¡® «¨­¥©­® § ¢¨á¨¬ .

21
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�¯à¥¤¥«¥­¨¥ 4.7. �¥ªâ®à x ï¢«ï¥âáï «¨­¥©­® ª®¬¡¨­ æ¨¥© ¢¥ªâ®à®¢ x1, . . . , xn ¥á«¨
áãé¥áâ¢ã¥â â ª®© ­ ¡®à ç¨á¥« α1, . . . , αn, çâ®

x = α1x1 + · · ·+ αnxn.

�¨­¥©­®© ®¡®«®çª®© 〈x1, . . . , xn〉 á¨áâ¥¬ë ¢¥ªâ®à®¢ x1, . . . , xn ­ §ë¢ ¥âáï ¬­®¦¥áâ¢® ¢á¥å
«¨­¥©­ëå ª®¬¡¨­ æ¨© íâ®© á¨áâ¥¬ë ¢¥ªâ®à®¢.

�à¥¤«®¦¥­¨¥ 4.8. �á«¨ ¢ á¨áâ¥¬¥ ¢¥ªâ®à®¢ ¥áâì ­ã«¥¢®© ¢¥ªâ®à, â® á¨áâ¥¬  § -
¢¨á¨¬ . �á«¨ ¯®¤á¨áâ¥¬  ¢ á¨áâ¥¬¥ «¨­¥©­® § ¢¨á¨¬ , â® ¨ ¢áï á¨áâ¥¬  § ¢¨á¨¬ .
�¨áâ¥¬  § ¢¨á¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¤¨­ ¨§ ¥¥ ¢¥ªâ®à®¢ ï¢«ï¥âáï «¨­¥©­®
ª®¬¡¨­ æ¨¥© ®áâ «ì­ëå.

�¥®à¥¬  4.9 (�à¨â¥à¨© à ¢¥­áâ¢  ®¯à¥¤¥«¨â¥«ï ­ã«î) . �¯à¥¤¥«¨â¥«ì
ª¢ ¤à â­®© ¬ âà¨æë A à ¢¥­ ­ã«î â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ áâà®ª¨ (áâ®«¡æë)
«¨­¥©­® § ¢¨á¨¬ë.

�®ª § â¥«ìáâ¢®. �ãáâì áâà®ª¨ A § ¢¨á¨¬ë, ¨, ­ ¯à¨¬¥à, ¯®á«¥¤­ïï áâà®ª  A ï¢-
«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ¯à¥¤ë¤ãé¨å. �ëçâ¥¬ ¨§ ¯®á«¥¤­¥© áâà®ª¨ íâã «¨­¥©­ãî
ª®¬¡¨­ æ¨î. �®£¤  ®¯à¥¤¥«¨â¥«ì ­¥ ¬¥­ï¥âáï, ­®, á ¤àã£®© áâ®à®­ë, ®­ à ¢¥­ 0.

�¡à â­®, ¯ãáâì detA = det tA = 0. �¨áâ¥¬  «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥­¨© á ¬ â-
à¨æ¥© tA á®¢¬¥áâ­  ¨ ­¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®£® à¥è¥­¨ï ¯® â¥®à¥¬¥ �à ¬¥à  3.23. �ãáâì

Λ =

λ1

...
λn


{ ­¥­ã«¥¢®¥ à¥è¥­¨¥ íâ®© á¨áâ¥¬ë, â. ¥. ΛA = 0. �â® ¤ ¥â § ¢¨á¨¬®áâì áâà®ª A á
ª®íää¨æ¨¥­â ¬¨ λ1, . . . , λn.

�¥®à¥¬  4.10 (�á­®¢­ ï «¥¬¬  ® «¨­¥©­®© § ¢¨á¨¬®áâ¨) . �ãáâì ¤ ­ë ¤¢¥ á¨áâ¥¬ë
¢¥ªâ®à®¢ a1, . . . , an ¨ b1, . . . , bm, ¯à¨ç¥¬ ª ¦¤ë© ¢¥ªâ®à ai ∈ 〈b1, . . . , bm〉. �á«¨ n > m,
â® á¨áâ¥¬  a1, . . . , an «¨­¥©­® § ¢¨á¨¬ .

�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î

a1 = b1α11 + · · · + bmαm1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an = b1α1n + · · · + bmαmn

(22)

� áá¬®âà¨¬ ®¤­®à®¤­ãî á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨©α11x1 + · · · + a1nxn = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
αm1x1 + · · · + amnxn = 0

(23)

�® ¯à¥¤«®¦¥­¨î 1.13 á¨áâ¥¬  (23) ¨¬¥¥â ­¥­ã«¥¢®¥ à¥è¥­¨¥ c1, . . . , cn. �§ (22) ¨ (23)
á«¥¤ã¥â, çâ®

c1a1 + · · ·+ cnan = 0.

�«¥¤áâ¢¨¥ 4.11. �ãáâì ¤ ­ë ¤¢¥ á¨áâ¥¬ë ¢¥ªâ®à®¢ a1, . . . , an ¨ b1, . . . , bm, ¯à¨ç¥¬
ª ¦¤ë© ¢¥ªâ®à ai ∈ 〈b1, . . . , bm〉. �á«¨ á¨áâ¥¬  a1, . . . , an ­¥§ ¢¨á¨¬ , â® n ≤ m.

�«¥¤áâ¢¨¥ 4.12. �ãáâì ¤ ­ë ¤¢¥ ­¥§ ¢¨á¨¬ë¥ á¨áâ¥¬ë ¢¥ªâ®à®¢

a1, . . . , an ¨ b1, . . . , bm,

¯à¨ç¥¬ ª ¦¤ë© ¢¥ªâ®à
〈a1, . . . , an〉 = 〈b1, . . . , bm〉.

�®£¤  n = m.
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�¯à¥¤¥«¥­¨¥ 4.13. �¨áâ¥¬  ¢¥ªâ®à®¢ a1, . . . , an ¢ «¨­¥©­®¬ ¯à®áâà ­áâ¢¥ L ­ §ë¢ -
¥âáï ¡ §¨á®¬ (¡ §®©) L, ¥á«¨

(1) á¨áâ¥¬  a1, . . . , an ­¥§ ¢¨á¨¬ ;
(2) L = 〈a1, . . . , an〉.

� §¬¥à­®áâìî dimV ¯à®áâà ­áâ¢  V ­ §ë¢ ¥âáï ç¨á«® ¢¥ªâ®à®¢ ¢ ¡ §¨á¥ V . �¥ªâ®à­®¥
¯à®áâà ­áâ¢® ª®­¥ç­®¬¥à­®, ¥á«¨ ¥£® à §¬¥à­®áâì ª®­¥ç­ .

� ¬¥ç ­¨¥ 4.14. � á¨«ã á«¥¤áâ¢¨ï 4.12 ç¨á«® ¢¥ªâ®à®¢ ¢ «î¡®¬ ¡ §¨á¥ ¯®áâ®ï­­®, ¨
¯®íâ®¬ã à §¬¥à­®áâì ¯à®áâà ­áâ¢  ®¯à¥¤¥«¥­  ®¤­®§­ ç­®.

�¯à ¦­¥­¨¥ 4.15. �®ª § âì, çâ® ¬ âà¨ç­ë¥ ¥¤¨­¨æë Eij ®¡à §ãîâ ¡ §¨á Mat(n ×
m).

�¥®à¥¬  4.16. �î¡ãî ­¥§ ¢¨á¨¬ãî á¨áâ¥¬ã ¢¥ªâ®à®¢ ª®­¥ç­®¬¥à­®£®
¯à®áâà ­áâ¢  ¬®¦­® ¤®¯®«­¨âì ¤® ¡ §¨á .

�®ª § â¥«ìáâ¢®. �ãáâì e = (e1, . . . , en) { ¡ §¨á ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  V , �à¥¤-
¯®«®¦¨¬, çâ® á¨áâ¥¬  ¢¥ªâ®à®¢ a1, . . . , ak «¨­¥©­® ­¥§ ¢¨á¨¬ . � áá¬®âà¨¬ á¨áâ¥¬  ¢¥ª-
â®à®¢ a1, . . . , ak, e1. �á«¨ ®­  § ¢¨á¨¬ , â® e1 ∈ 〈a1, . . . , an〉. � íâ®¬ á«ãç ¥ ¯¥à¥å®¤¨¬ ª
à áá¬®âà¥­¨î ¢¥ªâ®à  e2. �á«¨ ¦¥ íâ  á¨áâ¥¬  ­¥§ ¢¨á¨¬ , à áá¬ âà¨¢ ¥¬ á¨áâ¥¬ã ¢¥ª-
â®à®¢ a1, . . . , ak, e1, ¨ â. ¤. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ â ªãî ­¥§ ¢¨á¨¬ãî á¨áâ¥¬ã ¢¥ªâ®à®¢

a1, . . . , an, ei1 , . . . , eis ,

«¨­¥©­ ï ®¡®«®çª  L ª®â®à®© á®¤¥à¦¨â ¡ §¨á e. �âáî¤  L = V , ¨ ¯®áâà®¥­­ ï á¨áâ¥¬ 
ï¢«ï¥âáï ¡ §¨á®¬.

�¯à¥¤¥«¥­¨¥ 4.17. �ãáâì e = (e1, . . . , en) { ¡ §¨á ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  V , ¨ x ∈
V . �®£¤ 

x = x1e1 + · · ·+ xnen = eX, X =

x1

...
xn


{ à §«®¦¥­¨¥ ¢¥ªâ®à  x ¯® ¡ §¨áã e. � ¡®à X ­ §ë¢ ¥âáï á¨áâ¥¬®© (áâ®«¡æ®¬) ª®®à¤¨­ â
¢¥ªâ®à  x ¢ ¡ §¨á¥ e.

�à¥¤«®¦¥­¨¥ 4.18. �¨áâ¥¬  ª®®à¤¨­ â ¢¥ªâ®à  ¢ ¡ §¨á¥ ®¯à¥¤¥«¥­  ®¤­®§­ ç­®.

�à¥¤¯®«®¦¨¬, çâ® ¢ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥ L ¢ë¡à ­ë ¤¢  ¡ §¨á  e = (e1, . . . , en) ¨
e′ = (e′1, . . . , e

′
n). �®£¤  ¤«ï «î¡ëå i, j = 1, . . . , n ¨¬¥¥¬

ei = e′1c1i + · · ·+ e′ncni,

e′j = e1c
′
1j + · · ·+ enc

′
nj .

¨«¨

e = e′C, e′ = eC ′,

£¤¥ C = (cij), C ′ = (c′ij) ∈ Mat(n) (24)

�¯à¥¤¥«¥­¨¥ 4.19. � âà¨æ  C (C ′) ¨§ (24) ­ §ë¢ ¥âáï ¬ âà¨æ¥© ¯¥à¥å®¤  ®â e ª e′

(e′ ª e).

�§ (24) ¢ëâ¥ª ¥â, çâ® e = eCC ′, ¨ ¯®íâ®¬ã CC ′ = En. �­ «®£¨ç­®, C ′C = En.
�®íâ®¬ã C ′ = C−1. �¡à â­®, ¥á«¨ ã ¬ âà¨æë C ¥áâì ®¡à â­ ï, ¨ e′ = eC, â® e′ { ¡ §¨á
¯à®áâà ­áâ¢ . �®íâ®¬ã á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥­¨¥ 4.20. � âà¨æ ¬¨ ¯¥à¥å®¤  ®â ®¤­®£® ¡ §¨á  ª ¤àã£®¬ã ï¢«ïîâáï ®¡-
à â¨¬ë¥ ¬ âà¨æë ¨ â®«ìª® ®­¨.
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�à¥¤«®¦¥­¨¥ 4.21. �ãáâì e, e′ { ¤¢  ¡ §¨á  ¯à®áâà ­áâ¢  L, ¨ ¢¥ªâ®à x ∈ L ¨¬¥¥â
¢ íâ¨å ¡ §¨á å áâ®«¡æë ª®®à¤¨­ â X,X ′, á®®â¢¥âáâ¢¥­­®. �á«¨ C { ¬ âà¨æ  ¯¥à¥å®¤ 
®â e ª e′, â® X = CX ′.

�®ª § â¥«ìáâ¢®. � á¨«ã ®¯à¥¤¥«¥­¨ï 4.17 ¨ (24)

x = e′X ′ = eCX ′ = eX,

®âªã¤  ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à §«®¦¥­¨ï ¯® ¡ §¨áã.

�¯à¥¤¥«¥­¨¥ 4.22. �¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® L ¢ «¨­¥©­®¬ ¯à®áâà ­áâ¢¥ V ­ §ë¢ -
¥âáï ¯®¤¯à®áâà ­áâ¢®¬ , ¥á«¨ ¨§ â®£®, çâ® x, y ∈ L á«¥¤ã¥â, çâ® x+ y, αx ∈ L.

�¯à ¦­¥­¨¥ 4.23. �á«¨ L { ¯®¤¯à®áâà ­áâ¢® ¢ V , â® 0 ∈ L. �á«¨ x ∈ L, â® −x ∈ L.

�à¨¬¥à 4.24. � áá¬®âà¨¬ ®¤­®à®¤­ãî á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨© AX = 0 á ¬ â-
à¨æ¥© A ∈ Mat(m × n). �®£¤  ¢á¥ ¥¥ à¥è¥­¨ï ®¡à §ãîâ ¯®¤¯à®áâà ­áâ¢® ¢ ¯à®áâà ­áâ¢¥
áâ®«¡æ®¢ Mat(n× 1).

�¥®à¥¬  4.25. �ãáâì L { ¯®¤¯à®áâà ­áâ¢® ª®­¥ç­®¬¥à­®£® ¯à®áâà ­áâ¢  V . �®£¤ 
dimL ≤ dimV . �á«¨ dimL = dimV , â® L = V .

�®ª § â¥«ìáâ¢®. �ãáâì e { ¡ §¨á L, ¨ e′ { ¡ §¨á V . �® á«¥¤áâ¢¨î 4.11 ç¨á«® ¢¥ª-
â®à®¢ ¢ e (= dimL) ­¥ ¯à¥¢®áå®¤¨â ç¨á«  ¢¥ªâ®à®¢ ¢ e′ (= dimL).

�á«¨ dimL = dimV , â®, ¯à¨á®¥¤¨­ïï ª e «î¡®© ¢¥ªâ®à ¨§ e′, ¯®«ãç ¥¬ § ¢¨á¨¬ãî
á¨áâ¥¬ã. �®íâ®¬ã «î¡®© ¢¥ªâ®à ¨§ e′ «¥¦¨â ¢ «¨­¥©­®© ®¡®«®çª¥ e, â. ¥. ¢ L. �âáî¤ 
L = V .

�¯à¥¤¥«¥­¨¥ 4.26. �ãáâì § ¤ ­ë ¢¥ªâ®àë x1, . . . , xk. � ­£®¬ íâ®© á¨áâ¥¬ë ­ §ë¢ -
¥âáï ¬ ªá¨¬ «ì­®¥ ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢ íâ®© á¨áâ¥¬ë.

�¯à ¦­¥­¨¥ 4.27. � ­£ á¨áâ¥¬ë ¢¥ªâ®à®¢ a1, . . . , ak à ¢¥­ dim〈a1, . . . , ak〉.

�à¥¤¯®«®¦¨¬, çâ® § ¤ ­  á¨áâ¥¬  ¢¥ªâ®à®¢ a1, . . . , am ¢ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥ V á
¡ §¨á®¬ e = (e1, . . . , en). �ãáâì § ¤ ­® à §«®¦¥­¨¥ ª ¦¤®£® ¢¥ªâ®à  ai ¯® ¡ §¨áã e,

ai = e1a1i + · · ·+ enani.

�®«®¦¨¬ A = (ars) Mat(n×m). �®£¤ 

(a1, . . . , am) = eA. (25)

�¯¨è¥¬  «£®à¨â¬ à¥è¥­¨ï á«¥¤ãîé¥© § ¤ ç¨:

• ­¥®¡å®¤¨¬® ­ ©â¨ ¬ ªá¨¬ «ì­ãî ­¥§ ¢¨á¨¬ãî ¯®¤á¨áâ¥¬ã á¨áâ¥¬ë ¢¥ªâ®à®¢

a1, . . . , am

¨ ¢ëà §¨âì ®áâ «ì­ë¥ ¢¥ªâ®àë á¨áâ¥¬ë ç¥à¥§ ¢ë¡à ­­ãî ¯®¤á¨áâ¥¬ã .

�«ï à¥è¥­¨ï íâ®© § ¤ ç¨ ¯à¨¢¥¤¥¬ ¬ âà¨æã A í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ª áâã-
¯¥­ç â®¬ã ¢¨¤ã B. �ãáâì, ­ ¯à¨¬¥à,

B =


1 0 0 . . . 0 0 b1,r+1 . . . b1m
0 1 0 . . . 0 0 b2,r+1 . . . b2m
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 1 br,r+1 . . . brm

 (26)
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� ¬¥â¨¬, çâ® á¨áâ¥¬ë ®¤­®à®¤­ëå ãà ¢­¥­¨© á ¬ âà¨æ ¬¨ A ¨ B íª¢¨¢ «¥­â­ë. �¥è¥­¨-
ï¬¨ íâ¨å á¨áâ¥¬ ï¢«ïîâáï â ª¨¥ áâ®«¡æë

Λ =

λ1

...
λn

 ,

çâ® AΛ = BΛ = 0. � á¨«ã (25) íâ® íª¢¨¢ «¥­â­® â®¬ã, çâ®

(a1, . . . , an)Λ = 0. (27)

�§ ¢¨¤  B ¢ëâ¥ª ¥â, çâ® ¯¥à¢ë¥ r ¢¥ªâ®à®¢ a1, . . . , ar ­¥§ ¢¨á¨¬ë. �à®¬¥ â®£®, ¤«ï «î¡®£®
i = r + 1, . . . ,m ¨¬¥¥¬

B



b1,i
...
br,i
0
...
0
−1
0
...
0



= 0, (28)

£¤¥ -1 à á¯®«®¦¥­  ­  i-®¬ ¬¥áâ¥. �§ (27) ¢ëâ¥ª ¥â, çâ®

ai = a1b1,i + · · ·+ arbr,i.

�¥¬ á ¬ë¬ ¯®áâ ¢«¥­­ ï ¢ëè¥ § ¤ ç  à¥è¥­ . �â¬¥â¨¬, çâ® ¢ á¨«ã ã¯à ¦­¥­¨ï 4.27
¯à¨¢¥¤¥­­ë©  «£®à¨â¬ ¯®§¢®«ï¥â ­ å®¤¨âì ¡ §¨á «¨­¥©­®© ®¡®«®çª¨ á¨áâ¥¬ë ¢¥ªâ®à®¢.

2. � ­£ ¬ âà¨æë

�¯à¥¤¥«¥­¨¥ 4.28. � ­£®¬ ¬ âà¨æë A ­ §ë¢ ¥âáï ¬ ªá¨¬ «ì­®¥ ç¨á«® «¨­¥©­® ­¥-
§ ¢¨á¨¬ëå áâà®ª A. �àã£¨¬¨ á«®¢ ¬¨, à ­£ ¬ âà¨æë { íâ® à ­£ ¥¥ á¨áâ¥¬ë áâà®ª ¨«¨
à §¬¥à­®áâì «¨­¥©­®© ®¡®«®çª¨ áâà®ª A.

�¥®à¥¬  4.29. � ­£ ¬ âà¨æë ­¥ ¬¥­ï¥âáï ¯à¨ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå
áâà®ª ¨ áâ®«¡æ®¢.

�®ª § â¥«ìáâ¢®. �à¨ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨ïå áâà®ª «¨­¥©­ ï ®¡®«®çª  á¨á-
â¥¬ë áâà®ª ­¥ ¬¥­ï¥âáï. �«¥¤®¢ â¥«ì­®, ­¥ ¬¥­ï¥âáï ¨ ¥¥ à §¬¥à­®áâì.

�à¥¤¯®«®¦¨¬, çâ® ¬ë á®¢¥àè ¥¬ í«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï áâ®«¡æ®¢ ¬ âà¨æë A.
�® á«¥¤áâ¢¨î 1.30 ¨ â¥®à¥¬¥ 1.32 ¬ âà¨æ  A § ¬¥­ï¥âáï ­  ¬ âà¨æã AM , £¤¥ M { ®¡à â¨-
¬ ï ¬ âà¨æ . �á«¨ ¨¬¥¥âáï «¨­¥©­®¥ á®®â­®è¥­¨¥ ¬¥¦¤ã áâà®ª ¬¨ A c ª®íää¨æ¨¥­â ¬¨
λ1, . . . , λn, â® λ1

...
λn

A = 0, ®âªã¤ 

λ1

...
λn

 (AM) = 0,

¨ ­ ®¡®à®â. �âáî¤  á«¥¤ã¥â, çâ® à ­£¨ á¨áâ¥¬ë áâà®ª A ¨ AM á®¢¯ ¤ îâ.

�¥®à¥¬  4.30 (�¥®à¥¬  ® à ­£¥ ¬ âà¨æë) . � ­£ á¨áâ¥¬ë áâà®ª ¬ âà¨æë
á®¢¯ ¤ ¥â á à ­£®¬ á¨áâ¥¬ë áâ®«¡æ®¢.
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�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 4.29 ¬®¦­® áç¨â âì, çâ® ¬ âà¨æ  B ¨¬¥¥â áâã¯¥­ç -
âë© ¢¨¤, ­ ¯à¨¬¥à, (26). �®£¤  ¢ ­¥© ¯¥à¢ë¥ r áâà®ª ¨ áâ®«¡æ®¢ ®¡à §ãîâ ¬ ªá¨¬ «ì­ë¥
­¥§ ¢¨á¨¬ë¥ á¨áâ¥¬ë.

�¯à¥¤¥«¥­¨¥ 4.31. �ãáâì ¢ ¬ âà¨æ¥ A ¢ë¤¥«¥­ë r áâà®ª ¨ áâ®«¡æ®¢. �  ¨å ¯¥à¥-
á¥ç¥­¨¨ áâà®¨â ª¢ ¤à â­ ï ¬ âà¨æ  à §¬¥à  r. �¥ ®¯à¥¤¥«¨â¥«ì ­ §ë¢ ¥âáï ¬¨­®à®¬ M
¯®àï¤ª  r ¬ âà¨æë A. �î¡®© ¬¨­®à ¯®àï¤ª  r + 1, ¯®«ãç îé¨©áï ¯à¨á®¥¤¨­¥­¨¥¬ ¥é¥
®¤­®© áâà®ª¨ ¨ áâ®«¡æ  A, ­ §ë¢ ¥âáï ®ª ©¬«ïîé¨¬ ¤«ï M .

�¥®à¥¬  4.32 (�¥®à¥¬  ®¡ ®ª ©¬«ïîé¥¬ ¬¨­®à¥) . � ­£ ¬ âà¨æë à ¢¥­ ¯®àï¤ªã ­¥-
­ã«¥¢®£® ¬¨­®à , ¢á¥ ®ª ©¬«ïîé¨¥ ª®â®à®£® à ¢­ë 0.

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï ¯à®áâ®âë ãª § ­­ë© ¬¨­®à M à §¬¥à  r à á¯®«®¦¥­
¢ ¢¥àå­¥¬ «¥¢®¬ ã£«ã ¬ âà¨æë A. �à¨á®¥¤¨­¨¬ ª M i-ãî áâà®ªã ¨ j-ë© áâ®«¡¥æ. �®«ã-
ç îé¨©áï ®ª ©¬«ïîé¨© ¬¨­®à ¯® ãá«®¢¨î ¢á¥£¤  à ¢¥­ 0 (¢ª«îç ï á«ãç ¨, ª®£¤  «¨¡®
i < r, «¨¡® j < r. � §«®¦¨¬ íâ®â ¬¨­®à ¯® ¯à¨á®¥¤¨­¥­­®¥ áâ®«¡æã

0 = a1jA1,r+1 + · · ·+ arjAr,r+1 + aijM.

� ª ª ª M 6= 0, â®

aij = a1j(−
A1,r+1

M
) + · · ·+ arj(−

Ar,r+1

M
). (29)

� (29) ª®íää¨æ¨¥­âë

−As,r+1

M
, s = 1, . . . , r,

­¥ § ¢¨áïâ ®â j. �®íâ®¬ã ®¡ê¥¤¨­ïï à ¢¥­áâ¢  (29) ¤«ï ¢á¥å j, ¯®«ãç ¥¬, çâ® i- ï áâà®ª 
ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ¯¥à¢ëå r áâà®ª A. �® â¥®à¥¬¥ 4.9 ¯¥à¢ë¥ r áâà®ª A
­¥§ ¢¨á¨¬ë.

� ¯à¨¬¥à¥ 4.24 ®â¬¥ç¥­®, çâ® ¢á¥ à¥è¥­¨ï ®¤­®à®¤­®© á¨áâ¥¬ë AX = 0 ®¡à §ã¥â
¯®¤¯à®áâà ­áâ¢® ¢ ¯à®áâà ­áâ¢¥ ¢á¥å áâ®«¡æ®¢. � ©¤¥¬ ¥£® à §¬¥à­®áâì.

�¥®à¥¬  4.33. � §¬¥à­®áâì ¯à®áâà ­áâ¢  à¥è¥­¨© ®¤­®à®¤­®© á¨áâ¥¬ë AX = 0,
£¤¥ á n ­¥¨§¢¥áâ­ë¬¨ à ¢­  n− r(A), £¤¥ r(A) { à ­£ ¬ âà¨æë A.

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ 1.7, 4.29 ¬®¦­® áç¨â âì, çâ® ¬ âà¨æ  A ¯à¨¢¥¤¥­ 
¢ áâã¯¥­ç â®¬ã ¢¨¤ã B ¨§ (26), £¤¥ r = r(A) { à ­£ ¬ âà¨æë A. �«ï i = r + 1 ¯®«®¦¨¬

ei =



b1,i
...
br,i
0
...
0
−1
0
...
0



= 0,

£¤¥ −1 áâ®¨â ­  i-®¬ ¬¥áâ¥. � ª ã¦¥ ®â¬¥ç «®áì ¢ (28) áâ®«¡¥æ ei ï¢«ï¥âáï à¥è¥­¨¥¬
á¨áâ¥¬ë Aei = Bei = 0.

�ãáâì

a =

a1

...
an


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{ ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë. �®£¤ 

b = a− ar+1er+1 − · · · − anen
â ª¦¥ ï¢«ï¥âáï à¥è¥­¨¥¬, ã ª®â®à®£® ¢á¥ §­ ç¥­¨ï á¢®¡®¤­ëå ¯¥à¥¬¥­­ëå ­ã«¥¢ë¥. �§
(26) ¢¨¤­®, çâ® ¢¥ªâ®à b = 0. �â ª, «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ -
æ¨¥© er+1, . . . , en. �¥á«®¦­ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ®­¨ ­¥§ ¢¨á¨¬ë.

�¥®à¥¬  4.34 (�¥®à¥¬  �à®­¥ª¥à -� ¯¥««¨) . �¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© AX = b
á®¢¬¥áâ­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à ­£¨ ¬ âà¨æ A ¨ (A|b) á®¢¯ ¤ îâ.

�®ª § â¥«ìáâ¢®. �ãáâì áâ®«¡¥æ Λ ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë. �®£¤  AΛ = b, â. ¥.
«¨­¥©­ë¥ ®¡®«®çª¨ áâ®«¡æ®¢ A ¨ (A|b) á®¢¯ ¤ îâ. �âáî¤  ¢ëâ¥ª ¥â á®¢¯ ¤¥­¨¥ à ­£®¢
íâ¨å ¬ âà¨æ.

�¡à â­®, ¯ãáâì à ­£¨ ¬ âà¨æ A ¨ (A|b) á®¢¯ ¤ îâ. �¨­¥©­ ï ®¡®«®çª  áâ®«¡æ®¢ A
á®¤¥à¦¨âáï ¢ «¨­¥©­®© ®¡®«®çª¥ (A|b), ¯à¨ç¥¬ ¨å à §¬¥à­®áâ¨ á®¢¯ ¤ îâ. �® â¥®à¥¬¥ 4.25
íâ¨ ®¡®«®çª¨ á®¢¯ ¤ îâ. �®íâ®¬ã b «¥¦¨â ¢ «¨­¥©­® ®¡®«®çª¥ áâ®«¡æ®¢ A.

�¥®à¥¬  4.35. � ­£ ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ ­¥ ¯à¥¢®áå®¤¨â à ­£  ¬­®¦¨â¥«¥©. �á«¨
®¤¨­ ¨§ ¬­®¦¨â¥«¥© ï¢«ï¥âáï ®¡à â¨¬®© ¬ âà¨æ¥©, â® à ­£ ¯à®¨§¢¥¤¥­¨ï à ¢¥­ ¤àã-
£®¬ã ¬­®¦¨â¥«î.

�®ª § â¥«ìáâ¢®. �ãáâì A,C,D = AC ¨§ ®¯à¥¤¥«¥­¨ï 1.16. �®£¤  ª ¦¤ë© áâ®«¡¥æ
D ï¢«ï¥âáï «¨­¥©­® ª®¬¡¨­ æ¨¥© áâ®«¡æ®¢ A,   ª ¦¤ ï áâà®ª  D ï¢«ï¥âáï «¨­¥©­® ª®¬¡¨-
­ æ¨¥© áâà®ª C. �® â¥®à¥¬¥ 4.10 (á¬. â ª¦¥ â¥®à¥¬ã 4.25) ¯®«ãç ¥¬ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥.

�ãáâì, ­ ¯à¨¬¥à, ¬ âà¨æ  A ®¡à â¨¬ . ¯® ¤®ª § ­­®¬ã r(D) ≤ r(C). �à®¬¥ â®£®,
r(C) = r(A−1D) ≤ r(D). �âáî¤  r(C) = r(D).
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����� 5

�®¬¯«¥ªá­ë¥ ç¨á« 

1. �¥©áâ¢¨ï á ª®¬¯«¥ªá­ë¬¨ ç¨á« ¬¨

�¯à¥¤¥«¥­¨¥ 5.1. �®¬«¥ªá­ë¬¨ ç¨á« ¬¨ ­ §ë¢ îâáï ¢¥é¥áâ¢¥­­ë¥ ¬ âà¨æë

z =
(
a −b
b a

)
, a, b ∈ R. (30)

�¥à¥§ C ®¡®§­ ç ¥âáï ¬­®¦¥áâ¢® ¢á¥å ª®¬¯«¥ªá­ëå ç¨á¥«. �®¤ã«¥¬ ç¨á«  z ¨§ (30) ­ §ë-

¢ ¥âáï ­¥®âà¨æ â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® |z| =
√

det z.

�à¥¤«®¦¥­¨¥ 5.2. �­®¦¥áâ¢® C § ¬ª­ãâ® ®â­®á¨â¥«ì­® á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï
¬ âà¨æ. �®¤ã«ì ¯à®¨§¢¥¤¥­¨ï ª®¬¯«¥ªá­ëå ç¨á¥« à ¢¥­ ¯à®¨§¢¥¤¥­¨î ¬®¤ã«¥©. �á«¨
z 6= 0, â® |z| > 0.

�®ª § â¥«ìáâ¢®. �ãáâì z ¨§ (30) ¨

z1 =
(
a1 −b1
b1 a1

)
∈ C.

�®£¤ 

z + z1 =
(
a+ a1 −(b+ b1)
b+ b1 a+ a1

)
∈ C

zz1 =
(
aa1 − bb1 −(ab1 + ba1)
ab1 + ba1 aa1 − bb1

)
∈ C. (31)

�à¥¤«®¦¥­¨¥ 5.3. �¬­®¦¥­¨¥ ¨ á«®¦¥­¨¥ ª®¬¯«¥ªá­ëå ç¨á¥« ª®¬¬ãâ â¨¢­®,  á-
á®æ¨ â¨¢­®, ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ ¤¨áâà¨¡ãâ¨¢­®áâ¨. � C á®¤¥à¦ âáï ­ã«¥¢®© ¨ ¥¤¨-
­¨ç­ë© í«¥¬¥­âë. � C ¤«ï ª ¦¤®£® í«¥¬¥­â  z ¨¬¥¥âáï ¯à®â¨¢®¯®«®¦­ë© −z. �à®¬¥
â®£®, ã ª ¦¤®£® ­¥­ã«¥¢®£® í«¥¬¥­â  ¨¬¥¥âáï ®¡à â­ë©.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¤®ª § âì «¨èì ¯®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥. �ãáâì z ¨§
(30). �®£¤  «¨¡® a, «¨¡® b ®â«¨ç­® ®â ­ã«ï. �®íâ®¬ã

z−1 =
1

a2 + b2

(
a b
−b a

)
∈ C.

�à¥¤«®¦¥­¨¥ 5.4. C ï¢«ï¥âáï ¢¥ªâ®à­ë¬ ¯à®áâà ­áâ¢® ­ ¤ R á ¡ §®©

E = E2, i =
(

0 −1
1 0

)
.

�à¨ íâ®¬ i2 = −E.
�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì ¢¥é¥áâ¢¥­­®¥ ç¨á«® a á ¬ âà¨æ¥© aE.

�á­®, çâ® íâ® ®â®¦¤¥áâ¢«¥­¨¥ á®£« á®¢ ­® á áã¬¬ ¬¨ ¨ ¯à®¨§¢¥¤¥­¨ï¬¨ ¢¥é¥áâ¢¥­­ëå
ç¨á¥«. �®£¤  ç¨á«® z ¨§ (30) ¬®¦­® ®¤­®§­ ç­® § ¯¨á âì ¢ ¢¨¤¥ z = a+ ib ( «£¥¡à ¨ç¥áª ï
ä®à¬  ç¨á«  z.

29
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�¯à¥¤¥«¥­¨¥ 5.5. �ãáâì z = a + bi. �®£¤  ª®¬¯«¥ªá­®¥ ç¨á«® z = a− bi ­ §ë¢ ¥âáï
ª®¬«¥ªá­® á®¯àï¦¥­­ë¬ ª z.

� ¬¥ç ­¨¥ 5.6. �á«¨ z ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ (30), â® z { íâ® âà ­á¯®­¨à®¢ ­­ ï ¬ â-

à¨æ . �®íâ®¬ã z1z2 = z1z2. �à®¬¥ â®£®, zz = |z|2, ¨ ¯®íâ®¬ã z−1 =
z

|z2|
.

2. �à¨£®­®¬¥âà¨ç¥áª ï ä®à¬  ª®¬¯«¥ªá­®£® ç¨á« 

�à¥¤áâ ¢¨¬ ª®¬¯«¥ªá­®¥ ç¨á«® z = a+ bi ¢ ¢¨¤¥ ¢¥ªâ®à  ­  ¯«®áª®áâ¨ R2 á ª®®à¤¨­ -
â ¬¨ a, b. �®£¤  |z| { íâ® ¤«¨­  íâ®£® ¢¥ªâ®à  z.

�¯à ¦­¥­¨¥ 5.7. �®ª § âì, çâ® |z1 +z2| ≤ |z1|+ |z2|, ¨ |z1 +z2| ≥ |z1|−|z2| ¤«ï «î¡ëå
z1, z2 ∈ C.

�¯à¥¤¥«¥­¨¥ 5.8. �à£ã¬¥­â®¬ ­¥­ã«¥¢®£® ª®¬¯«¥ªá­®£® ç¨á«  z ­ §ë¢ ¥âáï ã£®« φ
¬¥¦¤ã z ¨ ¯®«®¦¨â¥«ì­ë¬ ­ ¯à ¢«¥­¨¥¬ ®á¨ OX.

�à£ã¬¥­â ­¥­ã«¥¢®£® ª®¬¯«¥ªá­®£® ç¨á«  ®¯à¥¤¥«¥­ á â®ç­®áâìî ¤® á« £ ¥¬®£®
2πn, n ∈ Z. �á«¨ z = a+ bi 6= 0, â®

cosφ =
x

|z|
, sinφ =

y

|z|
.

�âáî¤  ¯®«ãç ¥¬ âà¨£®­®¬¥âà¨ç¥áªãî ä®à¬ã ª®¬¯«¥ªá­®£® ç¨á« 

z = |z|(cosφ+ i sinφ) (32)

�à¥¤«®¦¥­¨¥ 5.9. �à£ã¬¥­â ¯à®¨§¢¥¤¥­¨ï ª®¬¯«¥ªá­ëå ç¨á¥« à ¢¥­ áã¬¬¥  à£ã-
¬¥­â®¢ ¬­®¦¨â¥«¥©.

�®ª § â¥«ìáâ¢®. �ãáâì z ¨§ (32) ¨ z1 = |z1|(cosψ+i sinψ). �® ä®à¬ã« ¬ ¯à¨¢¥¤¥­¨ï

zz1 = |z||z1|(cos(φ+ ψ) + i sin(φ+ ψ)).

�¡®§­ ç¥­¨¥ 5.10. �à¥¤«®¦¥­¨¥ 5.9 ¯®§¢®«ï¥â ¢¢¥áâ¨ á«¥¤ãîé¥¥ ®¡®§­ ç¥­¨¥. �á«¨
a ∈ R, â®

exp(iα) = cosα+ i sinα.
� ª¨¬ ®¡à §®¬, âà¨£®­®¬¥âà¨ç¥áª ï ä®à¬  ª®¬¯«¥ªá­®£® ç¨á«  z ¨¬¥¥â ¢¨¤

z = |z| exp(iφ). (33)

�«¥¤áâ¢¨¥ 5.11 (�®à¬ã«  �® ¢à ). �ãáâì z ¨§ (33) ¨ n ∈ Z. �®£¤ 
zn = |z|n exp(niφ).

� cá¬®âà¨¬ ¢®¯à®á ®¡ ¨§¢«¥ç¥­¨¨ ª®¬¯«¥ªá­ëå ª®à­¥©.

�¯à¥¤¥«¥­¨¥ 5.12. �ãáâì z ∈ C ¨ n ∈ Z. �®à­¥¬ n-®© áâ¥¯¥­¨ ¨§ z ­ §ë¢ ¥âáï â ª®¥
ª®¬¯«¥ªá­®¥ ç¨á«® t, çâ® tn = z.

� ©¤¥¬ ¢á¥ ª®à­¨ áâ¥¯¥­¨ n ¨§ z. �ãáâì z ¨§ (33), ¨ t = |t| exp(iψ). �®£¤ 

z = tn = |t|n exp(niψ).

�âáî¤  |z| = |t|n, â. ¥. |t| = n
√
|z|. �à®¬¥ â®£®, niψ ≡ φ (mod 2πm),m ∈ Z. �«¥¤®¢ â¥«ì­®,

ψ =
φ+ 2πm

n
, m = 0, 1, . . . , n− 1.

�â ª,

t = n
√
|z|
(

cos
φ+ 2πm

n
+ i sin

φ+ 2πm
n

)
, m = 0, 1, . . . , n− 1.
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�®íâ®¬ã, ¥á«¨ z 6= 0, â® ¨¬¥¥âáï n à §«¨ç­ëå ª®à­¥© áâ¥¯¥­¨ n ¨§ 1. � ç áâ­®áâ¨, ¥á«¨
z = 1, â® m-ë© ª®à¥­ì ¨§ 1 ¨¬¥¥â ¢¨¤

εm =
(

cos
2πm
n

+ i sin
2πm
n

)
.

�á¥ íâ¨ ª®à­¨ à á¯®«®¦¥­ë ¢ ¢¥àè¨­ å ¯à ¢¨«ì­®£® n-ã£®«ì­¨ª , ¢¯¨á ­­®£® ¢ ¥¤¨­¨ç-
­ãî ®ªàã¦­®áâì á æ¥­âà®¬ ¢ 0.
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����� 6

�àã¯¯ë, ª®«ìæ  ¨ ¯®«ï

� íâ®© £« ¢¥ ¨§ãç îâáï ®á­®¢­ë¥ ¯®­ïâ¨ï â¥®à¨¨ £àã¯¯.

1. �àã¯¯ë, ¯®¤£àã¯¯ë, ¯®àï¤ª¨ í«¥¬¥­â®¢

� ¯®¬­¨¬ ­¥ª®â®àë¥ ­¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï.

�¯à¥¤¥«¥­¨¥ 6.1. �­®¦¥áâ¢® G á ¡¨­ à­®© ®¯¥à æ¨¥© ã¬­®¦¥­¨ï xy ­ §ë¢ ¥âáï
£àã¯¯®©, ¥á«¨

(1) ã¬­®¦¥­¨¥  áá®æ¨ â¨¢­®, â. ¥. (xy)z = x(yz) ¤«ï ¢á¥å x, y, z ∈ G;
(2) áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â 1 ∈ G, ­ §ë¢ ¥¬ë© ¥¤¨­¨æ¥© G, çâ® x1 = 1x = x ¤«ï

¢á¥å x ∈ G;
(3) ¤«ï «î¡®£® í«¥¬¥­â  x ∈ G ­ ©¤¥âáï â ª®© í«¥¬¥­â x−1, ­ §ë¢ ¥¬ë© ®¡à â­ë¬ ª

x, çâ® xx−1 = x−1x = 1.

�¯à¥¤¥«¥­¨¥ 6.2. �®àï¤ª®¬ £àã¯¯ë G ­ §ë¢ ¥âáï ç¨á«® |G| í«¥¬¥­â®¢ ¢ G.

�à¥¤«®¦¥­¨¥ 6.3. �¤¨­¨ç­ë© í«¥¬¥­â ¢ £àã¯¯¥ ¥¤¨­áâ¢¥­¥­. �«ï ª ¦¤®£® í«¥-
¬¥­â  x ∈ G ®¡à â­ë© í«¥¬¥­â x−1 ®¯à¥¤¥«¥­ ®¤­®§­ ç­®. �à®¬¥ â®£®, ¥á«¨ x ∈
G, â® (x−1)−1 = x.

�¯à¥¤¥«¥­¨¥ 6.4. �¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® H ¢ £àã¯¯¥ G ­ §ë¢ ¥âáï ¯®¤£àã¯¯®©,
¥á«¨ ¢¬¥áâ¥ á «î¡ë¬¨ ¤¢ã¬ï ¥£® í«¥¬¥­â ¬¨ ®­® á®¤¥à¦¨â ¨å ¯à®¨§¢¥¤¥­¨¥, ¨ á ª ¦¤ë¬
á¢®¨¬ í«¥¬¥­â®¬ H á®¤¥à¦¨â ¥£® ®¡à â­ë©.

�à¥¤«®¦¥­¨¥ 6.5. �á«¨ H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G ¨ 1 { ¥¤¨­¨ç­ë© í«¥¬¥­â G, â®
1 ∈ H.

�¯à ¦­¥­¨¥ 6.6. � ¯à®¨§¢®«ì­®© £àã¯¯¥ ¯à®¨§¢¥¤¥­¨¥ «î¡®£® ç¨á«  í«¥¬¥­â®¢ ­¥
§ ¢¨á¨â ®â à ááâ ­®¢ª¨ áª®¡®ª.

�à¥¤«®¦¥­¨¥ 6.7. �«ï ­¥¯ãáâ®£® ¯®¤¬­®¦¥áâ¢  H ¢ £àã¯¯¥ G á«¥¤ãîé¨¥ ãá«®¢¨ï
íª¢¨¢ «¥­â­ë:

(1) H ï¢«ï¥âáï ¯®¤£àã¯¯®© ¢ G;
(2) ¥á«¨ x, y ∈ H, â® xy−1 ∈ H.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (1), ¨ x, y ∈ H. � á¨«ã ®¯à¥¤¥«¥­¨ï 6.4
¯®«ãç ¥¬ x, y−1 ∈ H, ®âªã¤  xy−1 ∈ H, â. ¥. ¢ë¯®«­¥­® ãá«®¢¨¥ (2).

�¡à â­®, ¯ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (2), ¨ y ∈ H. �®£¤  y, y ∈ H, ®âªã¤  1 = yy−1 ∈ H
¯® (2). � «¥¥ 1, y ∈ H, ®âªã¤  y−1 = 1y−1 ∈ H ¯® (2). � ª®­¥æ, ¥á«¨ x, y ∈ H, â® x, y−1 ∈ H
¯® ¤®ª § ­­®¬ã ¢ëè¥. �âáî¤  x(y−1)−1 = xy ∈ H ¯® ¯à¥¤«®¦¥­¨î 6.3.

�à¨¬¥àë 6.8. �à¨¢¥¤¥¬ ¯à¨¬¥àë £àã¯¯ ¨ ¨å ¯®¤£àã¯¯:

(1) £àã¯¯  Sn á®¤¥à¦¨â ¯®¤£àã¯¯ë An, Sn−1;
(2) £àã¯¯  GL(n,C) á®¤¥à¦¨â ¯®¤£àã¯¯ë

GL(n,R), GL(n,Q), SL(n,C), SL(n,R);

(3) £àã¯¯  ∗ á®¤¥à¦¨â ¯®¤£àã¯¯ã Un = {z ∈ C|zn = 1}.

33
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�¯à ¦­¥­¨¥ 6.9. �ãáâì

I =
(
i 0
0 −i

)
, J =

(
0 −1
1 0

)
,K =

(
0 −i
−i 0

)
∈ SL(2,C).

�®ª § âì, çâ®

(1) I2 = J2 = K2 = −E, IJ = K,JK = I,KI = J, JI = −K,KJ = −I, IK = −J ;
(2) 8 ¬ âà¨æ ±E,±I,±J±K ®¡à §ãîâ ¯®¤£àã¯¯ã ª¢ â¥à­¨®­®¢ Q8 ¢ £àã¯¯¥ SL(2,C).

�¯à ¦­¥­¨¥ 6.10. �á«¨ Hi, i ∈ I { ¯®¤£àã¯¯ë £àã¯¯ë G, â® ∩i∈I Hi { ¯®¤£àã¯¯ 
£àã¯¯ë G.

�¯à¥¤¥«¥­¨¥ 6.11. �ãáâì Zn = {0, 1, . . . , n− 1}. �®£¤  Zn { £àã¯¯ . �­  ­ §ë¢ ¥âáï
£àã¯¯®© ¢ëç¥â®¢ ¯® ¬®¤ã«î n.

�à¥¤«®¦¥­¨¥ 6.12. �¯à¥¤¥«¥­¨¥ £àã¯¯ë Zn ª®àà¥ªâ­®.

�¯à¥¤¥«¥­¨¥ 6.13. �ãáâì a { í«¥¬¥­â £àã¯¯ë G. �«ï ¯à®¨§¢®«ì­®£® æ¥«®£® ç¨á«  n
¯®«®¦¨¬

an =


1, ¥á«¨ n = 0;

a · · · a︸ ︷︷ ︸
n ¬­®¦¨â¥«¥©

, ¥á«¨ n > 0;

(a−n)−1, ¥á«¨ n < 0.

�à¥¤«®¦¥­¨¥ 6.14. �ãáâì a { í«¥¬¥­â ­¥ª®â®à®© £àã¯¯ë ¨ n,m ∈ Z. �®£¤ 

an+m = anam, (an)m = anm.

�¯à¥¤¥«¥­¨¥ 6.15. �ãáâì a { í«¥¬¥­â ­¥ª®â®à®© £àã¯¯ë. �®àï¤ª®¬ |a| (¨«¨ o(a))
í«¥¬¥­â  a ­ §ë¢ ¥âáï â ª®¥ ­ ¨¬¥­ìè¥¥ ­ âãà «ì­®¥ ç¨á«® n, çâ® an = 1. �á«¨ â ª®£®
ç¨á«  n ­¥â, â® £®¢®àïâ, çâ® ¯®àï¤®ª a à ¢¥­ ¡¥áª®­¥ç­®áâ¨.

�à¥¤«®¦¥­¨¥ 6.16. �ãáâì |a| = n < ∞, ¨ m ∈ Z. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ -
«¥­â­ë:

(1) n|m (n ¤¥«¨â m);
(2) am = 1.

�¯à¥¤¥«¥­¨¥ 6.17. �ãáâì a ∈ G. �¥à¥§ 〈a〉 ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® {an|n ∈ Z} ¢á¥å
áâ¥¯¥­¥© í«¥¬¥­â  a.

�¯à ¦­¥­¨¥ 6.18. 〈a〉 ï¢«ï¥âáï ¯®¤£àã¯¯®© ¢ G.

�¯à¥¤¥«¥­¨¥ 6.19. �ãáâì a ∈ G. �®¤£àã¯¯  〈a〉 ­ §ë¢ ¥âáï æ¨ª«¨ç¥áª®© ¯®¤£àã¯¯®©
¢ £àã¯¯¥ G, ¯®à®¦¤¥­­®© í«¥¬¥­â®¬ a. �àã¯¯  G ­ §ë¢ ¥âáï æ¨ª«¨ç¥áª®© á ¯®à®¦¤ îé¨¬
(®¡à §ãîé¨¬) í«¥¬¥­â®¬ a, ¥á«¨ 〈a〉 = G.

�à¨¬¥àë 6.20. �®ª § âì, çâ®

(1) £àã¯¯  Z ï¢«ï¥âáï æ¨ª«¨ç¥áª ï á ¯®à®¦¤ îé¨¬ í«¥¬¥­â®¬ 1 (¨«¨ -1);
(2) £àã¯¯  Un ª®¬¯«¥ªá­ëå ª®à­¥© n-®© áâ¥¯¥­¨ ¨§ 1 ï¢«ï¥âáï æ¨ª«¨ç¥áª®© £àã¯¯®©

á ¯®à®¦¤ îé¨¬ í«¥¬¥­â®¬

exp
2πi
n

= cos
2πi
n

+ i sin
2πi
n

;

(3) £àã¯¯  Zn ¢ëç¥â®¢ ¯® ¬®¤ã«î n ï¢«ï¥âáï æ¨ª«¨ç¥áª®© £àã¯¯®© á ¯®à®¦¤ îé¨¬
í«¥¬¥­â®¬ 1.

�à¥¤«®¦¥­¨¥ 6.21. �ãáâì a { í«¥¬¥­â ­¥ª®â®à®© £àã¯¯ë. �®£¤  |〈a〉| = |a|.
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�®ª § â¥«ìáâ¢®. �á«¨ ar = am ¯à¨ ­¥ª®â®àëå r < m, â®

am−r = 1, ¨ |a| = n <∞.
� íâ®¬ á«ãç ¥

〈a〉 = {1, a, a2, . . . , an−1}.

�¡®§­ ç¥­¨¥ 6.22. �á«¨ |a| = n ¢ ãá«®¢¨¨ ¯à¥¤«®¦¥­¨ï 6.21, â® æ¨ª«¨ç¥áªãî £àã¯¯ã,
¯®à®¦¤¥­­ãî í«¥¬¥­â®¬ a, ¬ë ¡ã¤¥¬ ®¡®§­ ç âì 〈a〉n.

�¥®à¥¬  6.23. �®¤£àã¯¯  æ¨ª«¨ç¥áª®© £àã¯¯ë á ¬  ï¢«ï¥âáï æ¨ª«¨ç¥áª®©.

�®ª § â¥«ìáâ¢®. �ãáâì H { ¯®¤£àã¯¯  æ¨ª«¨ç¥áª®© £àã¯¯ë G = 〈a〉. �á«¨ H = 1,
â® ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®. �ãáâì H á®¤¥à¦¨â ­¥¥¤¨­¨ç­ë© í«¥¬¥­â am,m 6= 0. �á«¨
m < 0, â® H á®¤¥à¦¨â ¨ í«¥¬¥­â a−m,−m > 0. �ë¡¥à¥¬ â ª®¥ ­ ¨¬¥­ìè¥¥ ­ âãà «ì­®¥
ç¨á«® m, çâ® b = am ∈ H. �á«¨ ar ∈ H, r ∈ Z, â®, ¤¥«ï r á ®áâ âª®¬ ­  m, ¯®«ãç ¥¬
r = sm+ q, 0 ≤ q < m. �à¨ íâ®¬ ¯® ¯à¥¤«®¦¥­¨î 6.14

aq = ar−sm = ar(am)−s ∈ H,
çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã m, ¥á«¨ q > 0.

�«¥¤áâ¢¨¥ 6.24. �ãáâì m1, . . . ,mn ∈ Z, ¨ d { ç¨á¥« m1, . . . ,mn. �®£¤  áãé¥áâ-
¢ãîâ â ª¨¥ æ¥«ë¥ ç¨á«  u1, . . . , un ∈ Z, çâ® m1u1 + · · ·+mnun = d.

�®ª § â¥«ìáâ¢®. �ãáâì H = Zm1 + · · ·+ Zmn. �®£¤  H { ¯®¤£àã¯¯  ¢ Z, ¨, á«¥¤®-
¢ â¥«ì­®, H = Zd. �áâ ¥âáï ã¡¥¤¨âìáï, çâ® d = (m1, . . . ,mn).

�¥®à¥¬  6.25. �ãáâì G = 〈a〉n ¨ H { ¯®¤£àã¯¯  ¢ G. �®£¤  áãé¥áâ¢ã¥â ¨ ¯à¨â®¬
¥¤¨­áâ¢¥­­®¥ â ª®¥ ç¨á«® d, ¤¥«ïé¥¥ n, çâ® H = 〈ad〉n

d
.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 6.23 ¯®«ãç ¥¬ H = 〈ak〉 ¤«ï ­¥ª®â®à®£® 0 ≤ k < n.
�®«®¦¨¬ d = (n, k). �áâ ¥âáï § ¬¥â¨âì, çâ® H = 〈ad〉.

�«¥¤áâ¢¨¥ 6.26. �ãáâì a ∈ G ¨¬¥¥â ¯®àï¤®ª n. �®£¤  |ak| = n

(n, k)
.

�®ª § â¥«ìáâ¢®. �®¦­® áç¨â âì, çâ® G = 〈a〉. � áá¬®âà¨¬ ¯®¤£àã¯¯ã H = 〈ak〉 ⊆
G. �® â¥®à¥¬¥ 6.25 H = 〈ad〉, £¤¥ d = (n, k). �âáî¤  |ak| = |H| = n

d .

�«¥¤áâ¢¨¥ 6.27. �ãáâì G = 〈a〉n. �«¥¬¥­â ak ï¢«ï¥âáï ¯®à®¦¤ îé¨¬ ¢ G â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  (k, n) = 1.

�¯à ¦­¥­¨¥ 6.28. �¯¨á âì ¢á¥ ¯®¤£àã¯¯ë ¢ 〈a〉12.

�¯à¥¤¥«¥­¨¥ 6.29. �¨¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ £àã¯¯ f : G → H ­ §ë¢ ¥âáï ¨§®¬®à-
ä¨§¬®¬, ¥á«¨ f(xy) = f(x)f(y) ¤«ï ¢á¥å x, y ∈ G. �¡®§­ ç¥­¨¥ '.

�à¨¬¥à 6.30. (R,+) ' (R>0, ·). � ª ç¥áâ¢¥ f ¢§ïâì exp.

�à¥¤«®¦¥­¨¥ 6.31. �¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  n ¨§®¬®àä­  Un. �¥áª®­¥ç­ ï æ¨ª-
«¨ç¥áª ï £àã¯¯  ¨§®¬®àä­  Z.

�®ª § â¥«ìáâ¢®. �ãáâì G = 〈a〉n. � ¤ ¤¨¬ f : G→ Un, ¯®« £ ï

f(ak) = exp(
2πi
n

).

�á«¨ G = 〈a〉∞, â® ®¯à¥¤¥«¨¬ f : G→ Z, ¯®« £ ï f(ak) = k.

�«¥¤áâ¢¨¥ 6.32. Zn ' Un.
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2. �¬¥¦­ë¥ ª« ááë ¨ â¥®à¥¬  � £à ­¦ 

�¯à¥¤¥«¥­¨¥ 6.33. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G, ¨ g ∈ G. �¥¢ë¬ á¬¥¦­ë¬
ª« áá®¬ gH ­ §ë¢ ¥âáï ¯®¤¬­®¦¥áâ¢® {gh|h ∈ H} ¢ G.

�¯à ¦­¥­¨¥ 6.34. � ©â¨

(1) «¥¢ë¥ á¬¥¦­ë¥ ª« ááë GL(n,C) ¯® SL(n,C);
(2) «¥¢ë¥ á¬¥¦­ë¥ ª« ááë Z ¯® nZ;
(3) «¥¢ë¥ ¨ ¯à ¢ë¥ á¬¥¦­ë¥ ª« ááë Sn ¯® Sn−1.

�¯à ¦­¥­¨¥ 6.35. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G ¨ x, y ∈ G. �®ª § âì, çâ® á«¥¤ã-
îé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

(1) xH = yH;
(2) x−1y ∈ H.

�à¥¤«®¦¥­¨¥ 6.36. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G ¨ x ∈ G. �®£¤  |H| = |xH|.

�à¥¤«®¦¥­¨¥ 6.37. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G ¨ x, y ∈ G, ¯à¨ç¥¬ y ∈ xH.
�®£¤  xH = yH.

�®ª § â¥«ìáâ¢®. �á­®, çâ® yH ⊆ xH. �® ãá«®¢¨î y = xh ¤«ï ­¥ª®â®à®£® h ∈ H.
�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® u ∈ H ¯®«ãç ¥¬ xu = y(h−1u), £¤¥ h−1u ∈ H. �âáî¤  xH ⊆
yH, â. ¥. xH = yH.

�«¥¤áâ¢¨¥ 6.38. �ãáâì H { ¯®¤£àã¯¯  ¢ £àã¯¯¥ G. �®£¤  ¤¢  «¥¢ëå (¯à ¢ëå) á¬¥¦-
­ëå ª« áá  G ¯® H «¨¡® á®¢¯ ¤ îâ, «¨¡® ­¥ ¯¥à¥á¥ª îâáï.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥­¨¥¬ 6.37.

�¥®à¥¬  6.39 (�¥®à¥¬  � £à ­¦ ) . �ãáâì H { ¯®¤£àã¯¯  ¢ ª®­¥ç­®© £àã¯¯¥ G. �®£¤ 
|G| = |H|j, £¤¥ j { ç¨á«® «¥¢ëå (¯à ¢ëå) á¬¥¦­ëå ª« áá  G ¯® H.

�®ª § â¥«ìáâ¢®. � §®¡ê¥¬ G ­  «¥¢ë¥ á¬¥¦­ë¥ ª« ááë ¯® H. �®£¤  ª ¦¤ë© í«¥-
¬¥­â x ∈ G «¥¦¨â ¢ ­¥ª®â®à®¬ ª« áá¥, ¨¬¥­­®, ¢ xH. �áâ ¥âáï ¢®á¯®«ì§®¢ âìáï á«¥¤áâ-
¢¨¥¬ 6.38 ¨ ¯à¥¤«®¦¥­¨¥¬ 6.36.

�«¥¤áâ¢¨¥ 6.40. �®àï¤®ª í«¥¬¥­â  ª®­¥ç­®© £àã¯¯ë ¤¥«¨â ¯®àï¤®ª £àã¯¯ë.

�«¥¤áâ¢¨¥ 6.41. �àã¯¯  ¯à®áâ®£® ¯®àï¤ª  ï¢«ï¥âáï æ¨ª«¨ç¥áª®©.



����� 7

�®«ìæ  ¨ ¯®«ï

�¯à¥¤¥«¥­¨¥ 7.1. �®«ìæ® (­¥ ®¡ï§ â¥«ì­®  áá®æ¨ â¨¢­®¥). �áá®æ¨ â¨¢­ë¥, ª®¬¬ã-
â â¨¢­ë¥ ª®«ìæ .

�à¥¤«®¦¥­¨¥ 7.2. � «î¡®¬ ª®«ìæ® ¨¬¥¥¬ 0x = x0 = 0.

�à¨¬¥àë 7.3. �ª ¦¥¬ àï¤ ª®«¥æ.

♥ �áá®æ¨ â¨¢­ë¥ ª®«ìæ  { ª®«ìæ  ¬ âà¨æ Mat(n,R).
♥ �áá®æ¨ â¨¢­®-ª®¬¬ãâ â¨¢­ë¥ ª®«ìæ  { ª®«ìæ  ­¥¯à¥àë¢­ëå äã­ªæ¨© ­  â®¯®«®-

£¨ç¥áª®¬ ¯à®áâà ­áâ¢¥.

�¯à¥¤¥«¥­¨¥ 7.4. �¤¨­¨ç­ë© í«¥¬¥­â, ¤¥«¨â¥«¨ ­ã«ï , ®¡à â¨¬ë¥ í«¥¬¥­âë  «£¥¡àë.

�à¥¤«®¦¥­¨¥ 7.5. �¤¨­¨ç­ë© í«¥¬¥­â  «£¥¡àë ®¯à¥¤¥«¥­ ®¤­®§­ ç­®. �¡à â¨¬ë¥
í«¥¬¥­âë  áá®æ¨ â¨¢­®©  «£¥¡àë ®¡à §ãîâ £àã¯¯ã ¯® ã¬­®¦¥­¨î. �¡à â¨¬ë© í«¥-
¬¥­â  áá®æ¨ â¨¢­®©  «£¥¡àë ­¥ ¬®¦¥â ¡ëâì ¤¥«¨â¥«¥¬ ­ã«ï.

�«¥¤áâ¢¨¥ 7.6. � ¯®«¥ ­¥â ¤¥«¨â¥«¥© ­ã«ï.

�¥®à¥¬  7.7. �àã¯¯ë ®¡à â¨¬ëå í«¥¬¥­â®¢ ¢ Mat(n, k) { íâ® GL(n, k); ¤¥«¨â¥«¨
­ã«ï ¢ Mat(n, k) { íâ® ¢ëà®¦¤¥­­ë¥ ¬ âà¨æë ¨ â®«ìª® ®­¨.

�¯à¥¤¥«¥­¨¥ 7.8. �âàãªâãà  ª®«ìæ  ­  Zn.

�à¥¤«®¦¥­¨¥ 7.9. �âàãªâãà  ª®«ìæ  ­  Zn ®¯à¥¤¥«¥­  ª®àà¥ªâ­®.

�¥®à¥¬  7.10. �«¥¬¥­â k ∈ Zn ®¡à â¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (k, n) = 1.
�«¥¬¥­â k ∈ Zn ï¢«ï¥âáï ¤¥«¨â¥«¥¬ ­ã«ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (k, n) > 1.

�®ª § â¥«ìáâ¢®. �«¥¬¥­â k ®¡à â¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­ ©¤¥âáï â ª®¥
ç¨á«® u ∈ Zn, çâ® ku = 1, â. ¥. ¢ Z ku+ nv = 1. �â® íª¢¨¢ «¥­â­® â®¬ã, çâ® (k, n) = 1.

�ãáâì í«¥¬¥­â k ∈ Zn ï¢«ï¥âáï ¤¥«¨â¥«¥¬ ­ã«ï. �®£¤  ®­ ­¥ ¬®¦¥â ¨¬¥âì ®¡à â­®£®
¯® ¯à¥¤«®¦¥­¨î 7.5. �«¥¤®¢ â¥«ì­®, (k, n) > 1.

�¡à â­®, ¯ãáâì d = (k, n) > 1. �®£¤  n > m = nd−1, â. ¥. m 6= 0 ¢ Zn. �à¨ íâ®¬
km = k1dm = k1n = 0 ¢ Zn.

�¯à¥¤¥«¥­¨¥ 7.11. �®«¥.

�à¨¬¥àë 7.12. �®«ï { Q,R,C. �à®¬¥ â®£®, Q[i],Q[
√

5].

�¯à¥¤¥«¥­¨¥ 7.13. � à ªâ¥à¨áâ¨ª  ¯®«ï char.

�¥®à¥¬  7.14. � à ªâ¥à¨áâ¨ª  ¯®«ï «¨¡® à ¢­  ­ã«î, «¨¡® ¯à®áâ®¥ ç¨á«®.

�¥®à¥¬  7.15. �®«ìæ® ¢ëç¥â®¢ Zn ï¢«ï¥âáï ¯®«¥¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n
{ ¯à®áâ®¥ ç¨á«®.

�®ª § â¥«ìáâ¢®. �ã¦­® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 7.10.

�«¥¤áâ¢¨¥ 7.16. charZp = p.

37
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�¯à¥¤¥«¥­¨¥ 7.17. �¨¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ª®«¥æ f : R → R′ ­ §ë¢ ¥âáï ¨§®¬®à-
ä¨§¬®¬, ¥á«¨ f(x+ y) = f(x) + f(y), f(xy) = f(x)f(y). �¡®§­ ç¥­¨¥ R ' R′.

�à¨¬¥à 7.18. �®ª § âì, çâ® Mat(n,Mat(m,R)) ' Mat(nm,R).

�¯à ¦­¥­¨¥ 7.19. �®ª § âì, çâ® ¯à¨ ¨§®¬®àä¨§¬¥ f : R→ R′

(1) f(1) = 1 ¨ ®¡à â¨¬ë¥ í«¥¬¥­âë ¯¥à¥å®¤ïâ ¢ ®¡à â¨¬ë¥;
(2) ¤¥«¨â¥«¨ ­ã«ï ¯¥à¥å®¤ïâ ¢ ¤¥«¨â¥«¨ ­ã«ï.

�¯à¥¤¥«¥­¨¥ 7.20. �®¤¬­®¦¥áâ¢® K ¢ ª®«ìæ¥ á 1 (¯®«¥) R ­ §ë¢ ¥âáï ¯®¤ª®«ìæ®¬
(¯®¤¯®«¥¬), ¥á«¨ K á®¤¥à¦¨â 1 ¨ ¨§ â®£®, çâ® x, y ∈ K á«¥¤ã¥â, çâ® x+ y, xy ∈ K (¢ á«ãç ¥
¯®«¥© x−1 ∈ K, ¥á«¨ x 6= 0.

�à¨¬¥àë 7.21. Z ï¢«ï¥âáï ¯®¤ª®«ìæ®¬ ¢ Q, Q ï¢«ï¥âáï ¯®¤¯®«¥¬ ¢ R,C. Mat(n,Z)
ï¢«ï¥âáï ¯®¤ª®«ìæ®¬ ¢ Mat(n,R).

�¯à¥¤¥«¥­¨¥ 7.22. �®«ìæ® ¡¥§ ¤¥«¨â¥«¥© ­ã«ï ­ §ë¢ ¥âáï ®¡« áâìî. �àã£¨¬¨ á«®-
¢ ¬¨, ª®«ìæ® R ï¢«ï¥âáï ®¡« áâìî, ¥á«¨ ¤«ï «î¡ëå x, y ∈ R ¨§ â®£®, çâ® xy = 0, á«¥¤ã¥â,
çâ® «¨¡® x = 0, «¨¡® y = 0.

�à¨¬¥à 7.23. �¡« áâï¬¨ ï¢«ïîâáï Z, «î¡®¥ ¯®«¥.

�¯à ¦­¥­¨¥ 7.24. �ãáâì a, b, c { í«¥¬¥­âë ¨§ ­¥ª®â®à®© ®¡« áâ¨, ¨ a 6= 0. �á«¨
ab = ac, â® b = c.



����� 8

�­®£®ç«¥­ë ¨ àï¤ë ®â ®¤­®© ¯¥à¥¬¥­­®©

1. �®«ìæ® ¬­®£®ç«¥­®¢ ®â ®¤­®© ¯¥à¥¬¥­­®©

�ãáâì R {  áá®æ¨ â¨¢­®¥ ª®«ìæ® á 1. � áá¬®âà¨¬ ¬­®¦¥áâ¢® R[X] ¢á¥å ¯®çâ¨ ­ã«¥¢ëå
¯®á«¥¤®¢ â¥«ì­®áâ¥©

a = (a0, a1, . . . ) (34)

í«¥¬¥­â®¢ ¨§ R. �¯à¥¤¥«¨¬ ¢ R[X] ®¯¥à æ¨î á«®¦¥­¨ï ¯®-ª®®à¤¨­ â­®. �à®¬¥ â®£®, ¥á«¨
a ¨§ (34),

b = (b0, b1, . . . ),
â®

c = ab = (c0, c1, . . . ),
£¤¥ ¤«ï «î¡®£® k ≥ 0

ck =
k∑
i=0

aibk−i. (35)

�à¥¤«®¦¥­¨¥ 8.1. R[X] ï¢«ï¥âáï  áá®æ¨ â¨¢­ë¬ ª®«ìæ®¬ á 1. �á«¨ R ª®¬¬ãâ -
â¨¢­®, â® ¨ R[X] ª®¬¬ãâ â¨¢­®.

�¯à¥¤¥«¥­¨¥ 8.2. R[X] ­ §ë¢ ¥âáï ª®«ìæ®¬ ¬­®£®ç«¥­®¢ .

�à¥¤«®¦¥­¨¥ 8.3. �á¥ í«¥¬¥­âë (a0, 0, . . . ) ∈ R[X] ®¡à §ãîâ ¯®¤ª®«ìæ®, ¨§®¬®àä-
­®¥ R.

�®ª § â¥«ìáâ¢®. �§®¬®àä¨§¬ § ¤ ¥âáï ¯® ¯à ¢¨«ã a 7→ (a, 0, . . . ) ∈ R[X].

�¡®§­ ç¥­¨¥ 8.4. �áî¤ã ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì a ∈ R á (a, 0, . . . ) ∈
R[X]. �®«®¦¨¬ X = (0, 1, 0, . . . ).

�à¥¤«®¦¥­¨¥ 8.5. �«ï «î¡®£® n ≥ 1

Xn = (0, . . . , 0︸ ︷︷ ︸
n

, 1, 0, . . . )

�á«¨ a ¨§ (34), â®

a = a0 + a1X + · · ·+ anX
n, ai ∈ R. (36)

�¯à¥¤¥«¥­¨¥ 8.6. �ãáâì a ∈ R[X] ¨§ (36), ¯à¨ç¥¬ an 6= 0. �â¥¯¥­ìî a ­ §ë¢ ¥âáï
deg a = n. a0 ­ §ë¢ ¥âáï á¢®¡®¤­ë¬ ç«¥­®¬ a. an ­ §ë¢ ¥âáï áâ àè¨¬ ç«¥­®¬ a. �­®£®-
ç«¥­ë ­ã«¥¢®© áâ¥¯¥­¨ ¨ ­ã«¥¢®© ¬­®£®ç«¥­ ­ §ë¢ îâáï ª®­áâ ­â ¬¨ . �­®£®ç«¥­ë á®
áâ àè¨¬ ª®íää¨æ¨¥­â®¬ 1 ­ §ë¢ îâáï ã­¨â à­ë¬¨.

�à¥¤«®¦¥­¨¥ 8.7. �â àè¨© (á¢®¡®¤­ë©) ç«¥­ ¯à®¨§¢¥¤¥­¨ï ¬­®£®ç«¥­®¢ à ¢¥­
¯à®¨§¢¥¤¥­¨î áâ àè¨å (á¢®¡®¤­ëå) ç«¥­®¢ á®¬­®¦¨â¥«¥©. � ç áâ­®áâ¨, ®¡à â¨¬ë¬¨
í«¥¬¥­â ¬¨ R[X] ï¢«ïîâáï ®¡à â¨¬ë¥ ¢ R ª®­áâ ­âë.

�«¥¤áâ¢¨¥ 8.8. �á«¨ R { ®¡« áâì, â® ¨ R[X] { ®¡« áâì. �à®¬¥ â®£®, ¥á«¨ f, g ∈
r[X] \ 0, â® deg(fg) = deg f + deg g. �á«¨ f, g, f + g 6= 0, â® deg(f + g) ≤ max(deg f,deg g).

39
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2. �¥«¥­¨¥ ¬­®£®ç«¥­®¢

�¡®§­ ç¥­¨¥ 8.9. �áî¤ã ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® R { ¯®«¥. �
íâ®¬ á«ãç ¥, £àã¯¯  ®¡à â¨¬ëå í«¥¬¥­â®¢ R[X] á®¢¯ ¤ ¥â á ¬ã«ìâ¨¯«¨ª â¨¢­®© £àã¯¯®©
R∗ ¢á¥å ­¥­ã«¥¢ëå ª®­áâ ­â.

�¥®à¥¬  8.10 (�¥«¥­¨¥ á ®áâ âª®¬) . �ãáâì f, g ∈ R[X], ¯à¨ç¥¬ g 6= 0. �®£¤  áã-
é¥áâ¢ãîâ ¨ ¯à¨â®¬ ¥¤¨­áâ¢¥­­ë¥ â ª¨¥ q, r ∈ R[X], çâ®

(1) f = qg + r;
(2) r = 0 ¨«¨ deg r < deg g.

�®ª § â¥«ìáâ¢®. �ãé¥áâ¢®¢ ­¨¥.

�á«¨ f = 0 ¨«¨ deg f < deg g, â® ¯®« £ ¥¬ q = 0, r = g. �ãáâì deg f = n, ¨ ¤«ï
¬¥­ìè¨å áâ¥¯¥­¥© â¥®à¥¬  ¤®ª § ­ . �à¥¤¯®«®¦¨¬, çâ® an, bm { áâ àè¨¥ ª®íää¨æ¨¥­âë

f, g. �®£¤  áâ¥¯¥­ì h = f − an
bm

Xn−mg ¬¥­ìè¥ n. �® ¨­¤ãªæ¨¨ h = q′g + r′, ®âªã¤ 

f = h+
an
bm

Xn−mg = (q′ +
an
bm

Xn−m)g + r′.

�¤¨­áâ¢¥­­®áâì.

�ãáâì

f = qg + r = q′g + r′, deg r, deg r′ < deg g, ¥á«¨ ®­¨ ­¥­ã«¥¢ë¥.

�®£¤  g(q − q′) = r′ − r. �á«¨ q − q′ 6= 0, â® r − r′ 6= 0. �âáî¤  ¯® á«¥¤áâ¢¨î 8.8

deg g > deg(r − r′) = deg(g(q − q′)) = deg g + deg(q − q′) ≥ deg g.

�¯à¥¤¥«¥­¨¥ 8.11. �­®£®ç«¥­ q ­ §ë¢ ¥âáï ç áâ­ë¬,   ¬­®£®ç«¥­ r ®áâ âª®¬ f
¤¥«¥­¨ï ­  g. �­®£®ç«¥­ g ¤¥«¨â f , ¥á«¨ r = 0. �¡®§­ ç¥­¨¥ g|f .

�¯à¥¤¥«¥­¨¥ 8.12. � ¨¡®«ìè¨¬ ®¡é¨¬ ¤¥«¨â¥«¥¬ ¬­®£®ç«¥­®¢ f1, . . . , fm, ­¥ ¢á¥
¨§ ª®â®àëå à ¢­ë ­ã«î, ­ §ë¢ ¥âáï â ª®© ¬­®£®ç«¥­ d, çâ®

(1) d|fi, i = 1, . . . ,m;
(2) ¥á«¨ d′ ∈ R[X], ¨ d′|fi, i = 1, . . . ,m, â® d′|d.

� ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ¬­®£®ç«¥­®¢ f1, . . . , fm, ®¡®§­ ç ¥âáï «¨¡® (f1, . . . , fm), «¨¡®
(f1, . . . , fm).

�à¥¤«®¦¥­¨¥ 8.13. (f1, . . . , fm), ®¯à¥¤¥«¥­ ®¤­®§­ ç­®, á â®ç­®áâìî ¤® ¬­®¦¨-
â¥«ï ­ã«¥¢®© áâ¥¯¥­¨ (­¥­ã«¥¢®© ª®­áâ ­âë). �à®¬¥ â®£®,

(f1, (f2, . . . , fm)).

�§«®¦¨¬  «£®à¨â¬ �¢ª«¨¤  ­ å®¦¤¥­¨ï ­ ¨¡®«ìè¥£® ®¡é¥£® ¤¥«¨â¥«ï ¤¢ãå ¬­®£®-
ç«¥­®¢ f, g, g 6= 0. �ã¤¥¬ ¤¥«¨âì á ®áâ âª®¬.

f = q1g + r1, deg r1 < deg g;
g = q2r1 + r2, deg r2 < deg r1;
r1 = q3r2 + r3, deg r3 < deg r2;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
rk = qk+2rk+1 + rk+2, deg rk+2 < deg rk+1;
rk+1 = qk+3rk+2.

(37)

�â¬¥â¨¬, çâ® ¢ (37) ç¨á«® k áãé¥áâ¢ã¥â, ¯®áª®«ìªã áâ¥¯¥­¨ ®áâ âª®¢ ã¡ë¢ îâ.
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�¥®à¥¬  8.14. (f, g) = rk+2.

�®ª § â¥«ìáâ¢®. �§ ¯à¥¤¯®á«¥¤­¥£® à ¢¥­áâ¢  ¢ (37) ¢ëâ¥ª ¥â, çâ® rk+2|rk+1, ¨ â.
¤. �®¤­¨¬ ïáì ¢¢¥àå ¯®«ãç ¥¬, çâ® rk+2|g, rk+2|f .

�¡à â­®, ¥á«¨ d′|f, d′|g, â® ¨§ ¯¥à¢®£® à ¢¥­áâ¢  ¢ (37) ¯®«ãç ¥¬, çâ® d′|r1,   ¨§ ¢â®à®£®
{ d′|g. �¢¨£ ïáì ¢­¨§, ¯®«ãç ¥¬, çâ® d′|rk+2.

�«¥¤áâ¢¨¥ 8.15. �ãáâì d = (f1, . . . , fm). �®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¬­®£®ç«¥­ë
u1, . . . , um, çâ®

d = u1f1 + · · ·+ umfm.

�®ª § â¥«ìáâ¢®. � á¨«ã ¯à¥¤«®¦¥­¨ï 8.13 ¬®¦­® áç¨â âì, çâ® m = 2, ¨ f1 = f, f2 =
g. �áâ ¥âáï ¢®á¯®«ì§®¢ âìáï  «£®à¨â¬®¬ (37).

�¯à¥¤¥«¥­¨¥ 8.16. �­®£®ç«¥­ë f1, . . . , fm ¢§ ¨¬­® ¯à®áâë , ¥á«¨ (f1, . . . , fm) = 1.

�à¥¤«®¦¥­¨¥ 8.17. �­®£®ç«¥­ë f1, . . . , fm ¢§ ¨¬­® ¯à®áâë, â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¬­®£®ç«¥­ë u1, . . . , um, çâ®

1 = u1f1 + · · ·+ umfm.

�¯à¥¤¥«¥­¨¥ 8.18. �­®£®ç«¥­ p áâ¥¯¥­¨ deg p ≥ 1 ­ §ë¢ ¥âáï ­¥¯à¨¢®¤¨¬ë¬, ¥á«¨
p ­¥ à §« £ ¥âáï ¢ ¯à®¨§¢¥¤¥­¨¥ ¬­®£®ç«¥­®¢ ¬¥­ìè¥© áâ¥¯¥­¨.

�¯à ¦­¥­¨¥ 8.19. �®ª § âì, çâ®

(1) «î¡®© ¬­®£®ç«¥­ ¯¥à¢®© áâ¥¯¥­¨,
(2) ¬­®£®ç«¥­ X2 + 1 ∈ R[X]

­¥¯à¨¢®¤¨¬.

�à¥¤«®¦¥­¨¥ 8.20. �ãáâì p ∈ R[X] ­¥¯à¨¢®¤¨¬ ¨ f ∈ R[X]. �®£¤  «¨¡® (p, f) = 1,
«¨¡® p|f .

�®ª § â¥«ìáâ¢®. �ãáâì d = (p, f), ¨ f = f ′d. � á¨«ã ®¯à¥¤¥«¥­¨ï 8.18 «¨¡® deg d =
0, «¨¡® deg d = deg p.

� ¯¥à¢®¬ á«ãç ¥ ¯® ¯à¥¤«®¦¥­¨î 8.7 í«¥¬¥­â d ®¡à â¨¬, â. ¥. ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 8.13
¬®¦­® áç¨â âì, çâ® d = 1.

�ãáâì deg d = deg p. �®£¤  p = dc, £¤¥ c { ­¥­ã«¥¢ ï ª®­áâ ­â , â. ¥. d = pc−1. �âáî¤ 
f = pc−1f ′.

�à¥¤«®¦¥­¨¥ 8.21. �ãáâì p ∈ R[X] ­¥¯à¨¢®¤¨¬ ¨ p|(fg), £¤¥ f, g ∈ R[X]. �®£¤ 
«¨¡® p|f , «¨¡® p|g.

�®ª § â¥«ìáâ¢®. �® ¯à¥¤«®¦¥­¨î 8.20 ¬®¦­® áç¨â âì, çâ® (p, f) = 1. �®£¤  1 =
fu+ pv ¯® ¯à¥¤«®¦¥­¨î 8.17. �âáî¤  g = 1g = fgu+ pvg. �®íâ®¬ã p|g.

�¥®à¥¬  8.22. �î¡®© ­¥­ã«¥¢®© ¬­®£®ç«¥­ à §« £ ¥âáï ¢ ¯à®¨§¢¥¤¥­¨¥ ­¥¯à¨¢®¤¨-
¬ëå ¬­®£®ç«¥­®¢. �á«¨

f = p1 · · · pn = q1 · · · qm (38)

{ ¤¢  à §«®¦¥­¨ï ¢ ¯à®¨§¢¥¤¥­¨ï ­¥¯à¨¢®¤¨¬ëå ¬­®£®ç«¥­®¢ p1, . . . , pn, q1, . . . , qm, â®
n = m, ¨ áãé¥áâ¢ã¥â â ª ï ¯¥à¥áâ ­®¢ª  σ ∈ Sn, çâ® pi = ciqσi, £¤¥ ci { ­¥­ã«¥¢ ï
ª®­áâ ­â .

�®ª § â¥«ìáâ¢®. �ãé¥áâ¢®¢ ­¨¥.

�­¤ãªæ¨ï ¯® deg f . �«ãç © deg f = 1 ®ç¥¢¨¤¥­, â ª ª ª ¢ íâ®¬ á«ãç ¥ f ­¥¯à¨¢®¤¨¬.
�ãáâì ¤«ï ¬¥­ìè¨å áâ¥¯¥­¥© ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­®. �á«¨ f ­¥¯à¨¢®¤¨¬, â® ãâ¢¥à¦¤¥­¨¥
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¤®ª § ­®. �á«¨ f = gh, £¤¥ deg g,deg g < deg f , â® ­ã¦­® ¢®á¯®«ì§®¢ âìáï ¨­¤ãªæ¨¥© ¤«ï
g, h.

�¤¨­áâ¢¥­­®áâì. �­¤ãªæ¨ï ¯® deg f . �«ãç © deg f = 1 ®ç¥¢¨¤¥­. �ãáâì ¤«ï ¬¥­ì-

è¨å áâ¥¯¥­¥© ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­®, ¨ ¢ë¯®«­¥­® (38). �® ¯à¥¤«®¦¥­¨î 8.21 p1|qi ¤«ï
­¥ª®â®à®£® i. �¥à¥­ã¬¥à®¢ë¢ ï, ¬®¦­® áç¨â âì, çâ® i = 1. � á¨«ã ­¥¯à¨¢®¤¨¬®áâ¨ q1

¯®«ãç ¥¬ q1 = c1p1, £¤¥ c1 { ­¥­ã«¥¢ ï ª®­áâ ­â . �®£¤ 

p1(p2 · · · pn − (c1q2)q3 · · · qm) = 0.

�® ¯à¥¤«®¦¥­¨î 8.8 ¨ ã¯à ¦­¥­¨î 7.24 ¯®«ãç ¥¬, çâ®

p2 · · · pn − (c1q2)q3 · · · qm = 0,

¨«¨

p2 · · · pn = (c1q2)q3 · · · qm.
¯® ¨­¤ãªæ¨¨ n− 1 = m− 1 ¨ pi = ciqi, i ≥ 2, ci ∈ R∗.

�¯à¥¤¥«¥­¨¥ 8.23. � á¨«ã â¥®à¥¬ë 8.22 ª ¦¤ë© ­¥­ã«¥¢®© ¬­®£®ç«¥­ f ∈ R[X] ®¤-
­®§­ ç­® ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

f = pl11 · · · plnn , c ∈ R∗, li ∈ N ∪ 0, (39)

£¤¥ p1, . . . , pn { ã­¨â à­ë¥ ­¥¯à¨¢®¤¨¬ë¥ ¬­®£®ç«¥­ë. �¨á«® li ­ §ë¢ ¥âáï ªà â­®áâìî
pi ¢ f .

�¥®à¥¬  8.24. �ãáâì charR = 0, ¨ f ∈ R[X]\0. �á«¨ k { ªà â­®áâì ­¥¯à¨¢®¤¨¬®£®
¬­®£®ç«¥­  p ¢ f , â® ªà â­®áâì p ¢ f ′ à ¢­  k − 1.

�®ª § â¥«ìáâ¢®. �¬¥¥¬ f = pkg, £¤¥ (p, g) = 1. �®£¤ 

f ′ = kpk−1p′g + pkg = pk−1(kp′g + pg′). (40)

�«¥¤®¢ â¥«ì­®, pk−1|f ′. �á«¨ pk|f ′, â® ¯® p|(kp′g + pg′), ¨ ¯®íâ®¬ã p|kp′g. �® ¯à¥¤«®¦¥-
­¨î 8.21 «¨¡® p|kp′, «¨¡® p|g, �® ¢â®à®¥ ­¥¢®§¬®¦­® ¯® ¯à¥¤¯®«®¦¥­¨î,   ¯¥à¢®¥ ­¥¢®§-
¬®¦­®, ¨¡® ¯® ¯à¥¤¯®«®¦¥­¨î kp′ 6= 0 ¨ deg(kp′) < deg p.

�«¥¤áâ¢¨¥ 8.25. �ãáâì charR = 0, ¨ f ∈ R[X] \ 0 ¨¬¥¥â à §«®¦¥­¨¥ (39). �®£¤ 

d = (f, f ′) = pl1−1
1 · · · pln−1

n , ¨
f

d
= p1 · · · pn.

3. �®à­¨ ¬­®£®ç«¥­®¢

�¯à¥¤¥«¥­¨¥ 8.26. �ãáâì R { ¯®«¥ ¨ c ∈ R. �«ï a ¨§ (36) ¯®«®¦¨¬ a(c) = a0 + a1c+
· · ·+ anc

n. �«¥¬¥­â ï¢«ï¥âáï ª®à­¥¬ a, ¥á«¨ a(c) = 0.

�¯à ¦­¥­¨¥ 8.27. �ãáâì f, g ∈ R[X]. �®£¤ 

(f + g)(c) = f(c) + g(c), (fg)(c) = f(c)g(c).

�¥®à¥¬  8.28 (�¥®à¥¬  �¥§ã) . �«¥¬¥­â c ∈ R ï¢«ï¥âáï ª®à­¥¬ f ∈ R[X] â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  (X − c)|f .

�®ª § â¥«ìáâ¢®. �¥«ï f á ®áâ âª®¬ ­  X − c ¯®«ãç ¥¬, çâ® f = (X − c)q + r, £¤¥
r ∈ R. �âáî¤  r = f(c).
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�â¬¥â¨¬, çâ® ¥á«¨ c ∈ R, â® ¤¥«ï «î¡®© ¬­®£®ç«¥­ ¯®á«¥¤®¢ â¥«ì­® á ®áâ âª®¬ ­ 
X − c, ¯®«ãç ¥¬ ¤«ï f à §«®¦¥­¨¥ �¥©«®à 

f = b0 + b1(X − c) + · · ·+ bn(X − c)n. (41)

�§«®¦¨¬ áå¥¬ã �®à­¥à  ¤«ï ¡ëáâà®£® ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ bi ¢ (41) ¯® ª®íää¨æ¨-
¥­â ¬ f . �«ï íâ®£® ­ã¦­® ã¬¥âì ¤¥« âì ®¤¨­ è £ ¤¥«¥­¨ï ­  X − c. �ãáâì

f = a0 + a1X + · · ·+ anX
n = g(X − c) + r, r ∈ R, (42)

£¤¥
g = s0 + s1X + · · ·+ sn−1X

n−1.

�®¤áâ ¢«ïï ¢ (42) ¯®«ãç ¥¬

a0 + a1X + · · ·+ anX
n = (X − c)(s0 + s1X + · · ·+ sn−1X

n−1) + r.

�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå X, ¯®«ãç ¥¬

an = sn−1

an−1 = sn−2 − csn−1

. . . . . . . . . . . . . . . . . . . . . . . .
a1 = s0 − cs1

a0 = r − cs0.

�âáî¤ 

sn−1 = an
sn−2 = an−1 + csn−1

. . . . . . . . . . . . . . . . . . . . . . . .
s0 = a1 + cs1

r = a0 + cs0.

(43)

�®à¬ã«ë (43) ¯®§¢®«ïîâ ¡ëáâà® §  n ã¬­®¦¥­¨© ¢ëç¨á«¨âì r = f(c). �¥§ã«ìâ âë íâ¨å
¢ëç¨á«¥­¨© ®¡ëç­® § ¯¨áë¢ îâáï ¢ ¢¨¤¥ â ¡«¨æë

an an−1 . . . a1 a0

c a0 = sn−1 sn−2 . . . s1 r
(44)

�¥«ï ¤ «¥¥ g á ®áâ âª®¬ ­  X− c ¯®«ãç ¥¬, ¯®«ãç ¥¬ ä®à¬ã«ã �¥©«®à . �¥§ã«ìâ âë íâ¨å
¢ëç¨á«¥­¨© § ¯¨è¥¬ ¢ â ¡«¨æã

an an−1 . . . a1 a0

c an = sn−1 sn−2 . . . s1 r = b0
c an = tn−2 tn−3 . . . t0 = b1
...

...
...

...

c an = u1 u0 = bn−1

c an = bn

, (45)

£¤¥ bi ¨§ (41).

�¯à¥¤¥«¥­¨¥ 8.29. �à â­®áâìî ª®à­ï c ¬­®£®ç«¥­  f ­ §ë¢ ¥âáï ªà â­®áâì ­¥¯à¨-
¢®¤¨¬®£® ¬­®¦¨â¥«ï X − c ¢ f . �àã£¨¬¨ á«®¢ ¬¨, ªà â­®áâì à ¢­  k, ¥á«¨ (X − c)k|f , ­®
(X − c)k+1

- f .

�â® ®¯à¥¤¥«¥­¨¥ á®£« á®¢ ­® á â¥®à¥¬®© �¥§ã 8.28

�¯à ¦­¥­¨¥ 8.30. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

(1) ªà â­®áâì ª®à­ï c ¬­®£®ç«¥­  f à ¢­  k;
(2) ¢ ä®à¬ã«¥ �¥©«®à 

f = bk(X − c)k + bk+1(X − c)k+1 + · · ·+ bn(X − c)n, bk 6= 0.
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�á«¨ c1, . . . , cm { à §«¨ç­ë¥ ª®à­¨ f á ªà â­®áâï¬¨ k1, . . . , km, â®

f = (X − c1)k1 · · · (X − cm)kmg.

�®íâ®¬ã á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥­¨¥ 8.31. �ã¬¬  ç¨á«  ª®à­¥© (á ªà â­®áâï¬¨) ­¥ ¯à¥¢®áå®¤¨â áâ¥¯¥­¨
¬­®£®ç«¥­ .

�¯à ¦­¥­¨¥ 8.32. �ãáâì R { ¯®«¥ å à ªâ¥à¨áâ¨ª¨ 0. �«¥¬¥­â c ∈ R ï¢«ï¥âáï ªà â-
­ë¬ ª®à­¥¬ (ª®à­¥¬ ªà â­®áâ¨ ≥ 2) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  c ®¡é¨© ª®à¥­ì ¬­®£®-
ç«¥­  ¨ ¥£® ¯à®¨§¢®¤­®©.

4. �­â¥à¯®«ïæ¨ï

�ãáâì R { ¯®«¥ á à §«¨ç­ë¬¨ í«¥¬¥­â ¬¨ a0, a − 1, . . . , an, ¨ b0, b − 1, . . . , bn ∈ R.
� áá¬®âà¨¬ ¨­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­ � £à ­¦ 

F =
n∑
i=0

bi
(X − a0) · · · (X − ai−1)(X − ai+1) · · · (X − an)
(ai − a0) · · · (ai − ai−1)(ai − ai+1) · · · (ai − an)

. (46)

�¥®à¥¬  8.33. degF ≤ n ¨ F (aj) = bj ¤«ï ¢á¥å j = 0, . . . , n.

�®ª § â¥«ìáâ¢®.

F (aj) =
n∑
i=0

bi
(aj − a0) · · · (aj − ai−1)(aj − ai+1) · · · (aj − an)
(ai − a0) · · · (ai − ai−1)(ai − ai+1) · · · (ai − an)

= bj .

�¥®à¥¬  8.34. �ãé¥áâ¢ã¥â ¢ â®ç­®áâ¨ ®¤¨­ ¬­®£®ç«¥­ F áâ¥¯¥­¨ ≤ n á ãá«®¢¨¥¬
F (aj) = bj ¤«ï ¢á¥å j = 0, . . . , n.

�®ª § â¥«ìáâ¢®. �ãáâì áãé¥áâ¢ãîâ ¤¢  ¬­®£®ç«¥­  F1, F2 á íâ¨¬ ãá«®¢¨¥¬. �®£¤ 
G = F1 − F2 6= 0, ¯à¨ç¥¬ degG ≤ n, ¨ í«¥¬¥­âë a0, a − 1, . . . , an ï¢«ï¥âáï ¥£® ª®à­ï¬¨.
�â® ¯à®â¨¢®à¥ç¨â â¥®à¥¬¥ 8.31.

�«¥¤áâ¢¨¥ 8.35. �ãáâì R { ¡¥áª®­¥ç­®¥ ¯®«¥. �á«¨ ¤¢  ¬­®£®ç«¥­  f, g § ¤ îâ ®¤¨-
­ ª®¢ãî äã­ªæ¨î ­  R, â. ¥. f(c) = g(c) ¤«ï ¢á¥å c ∈ R, â® f = g.

�¥®à¥¬  8.36. �ãáâì R { ¯®«¥ ¨§ q í«¥¬¥­â®¢. �®£¤  ­¥­ã«¥¢®© ¬­®£®ç«¥­ Xq −X
§ ¤ ¥â ­ã«¥¢ãî äã­ªæ¨î ­  R.

�®ª § â¥«ìáâ¢®. �á¥ ­¥­ã«¥¢ë¥ í«¥¬¥­âë R∗ ¯®«ï R ®¡à §ãîâ ¬ã«ìâ¨¯«¨ª â¨¢­ãî
£àã¯¯ã ¯®àï¤ª  q−1. �á«¨ c ∈ R∗, â® ¯®àï¤®ª c ¢ íâ®© £àã¯¯¥ ¤¥«¨â q−1 ¯® á«¥¤áâ¢¨î 6.40.
�®íâ®¬ã ¯® ¯à¥¤«®¦¥­¨î 6.16 cq−1 = 1, ®âªã¤  cq = c. �â® à ¢¥­áâ¢® ¢¥à­® ¨ ¤«ï ­ã«¥¢®£®
í«¥¬¥­â .

5. �®à­¨ ¬­®£®ç«¥­®¢ ­ ¤ C ¨ R

�¥®à¥¬  8.37 (�á­®¢­ ï â¥®à¥¬   «£¥¡àë) . �ãáâì f ∈ C[X] ¨¬¥¥â ¯®«®¦¨â¥«ì-
­ãî áâ¥¯¥­ì. �®£¤  f ¨¬¥¥â ª®¬¯«¥ªá­ë© ª®à¥­ì.

�®ª § â¥«ìáâ¢®. �à¨¢¥¤¥¬ ¤¢  ¤®ª § â¥«ìáâ¢  íâ®© â¥®à¥¬ë.

�¥à¢®¥ ¤®ª § â¥«ìáâ¢®

�ãáâì f ­¥ ¨¬¥¥â ª®¬¯«¥ªá­ëå ª®à­¥©. �®£¤  F =
1
f
 ­ «¨â¨ç­  ¢ C ¨ ®£à ­¨ç¥­ . �®

â¥®à¥¬¥ �¨ã¢¨««ï ®­  ¯®áâ®ï­­ . �® â®£¤  ¨ f ¯®áâ®ï­­ , çâ® ­¥¢¥à­® ¯® á«¥¤áâ¢¨î 8.35.
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�â®à®¥ ¤®ª § â¥«ìáâ¢®

�¥¬¬  8.38. �ãáâì f ∈ C[X] ¨¬¥¥â ¯®«®¦¨â¥«ì­ãî áâ¥¯¥­ì. �á«¨ z → ∞, ¯®
|f(z)| → ∞.

�®ª § â¥«ìáâ¢®. �á«¨ f ¨¬¥¥â ¢¨¤

f = a0 + a1X + · · ·+ anX
n, an 6= 0. (47)

�®£¤ 

|f(z)| = |z|n|an +
an−1

|z|
+ · · ·+ a0

|z|n
| ≥ |z|n

(
|an| −

|an−1|
|z|

− · · · − |a0|
|z|n

)
.

� à®áâ®¬ |z| ç¨á«® (
|an| −

|an−1|
|z|

− · · · − |a0|
|z|n

)
.

®£à ­¨ç¥­® á­¨§ã ­¥ª®â®àë¬ M . �®íâ®¬ã |f(z)| ≥ |z|nM .

�¥¬¬  8.39 (�¥¬¬  � « ¬¡¥à ) . �á«¨ f ¨¬¥¥â ¢¨¤ (47) ¨ f(z0) 6= 0, â® ¢ «î¡®©
®ªà¥áâ­®áâ¨ z0 ­ ©¤¥âáï â ª®¥ ç¨á«® z, çâ® |f(z)| < |f(z0)|.

�®ª § â¥«ìáâ¢®. � §«®¦¨¬ f(z) ¢ àï¤ �¥©«®à  ¢ ®ªà¥áâ­®áâ¨ z0. �¥«ï íâ® à §«®-
¦¥­¨¥ ­  f(z0) 6= 0, ¯®«ãç ¥¬

f(z)
f(z0)

= 1 + cpz
p + cp+1z

p+1 + · · ·+ cnz
n, cp, cn 6= 0.

�ãáâì z1 ∈ C ¨ zp1 = − 1
cp
. �á«¨ z = z0 + tz1, t ∈ (0, 1) ⊆ R, â®

f(z)
f(z0)

= 1− tp + tp+1hn−p−1(t),

£¤¥ hn−p−1(t) ∈ C[t] ¨¬¥¥â áâ¥¯¥­ì n− p− 1. �á«¨ C { ¬ ªá¨¬ã¬ ¬®¤ã«¥© ª®íää¨æ¨¥­â®¢

hn−p−1(t), â® ¯à¨ t <
1

C(n− p)∣∣∣∣ f(z)
f(z0)

∣∣∣∣ ≤ 1− tp + |hn−p−1(t)| ≤ 1− tp + C(n− p)tp+1 = 1− tp(1− C(n− p)t) < 1.

� ¢¥àè¨¬ ¢â®à®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �á«¨ f ∈ C[X] ¨¬¥¥â ¯®«®¦¨â¥«ì­ãî áâ¥-
¯¥­ì, ¨ ã f ­¥â ª®à­¥©, â® ∞ > M = infz∈C |f(z)| > 0. �ë¡¥à¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì â ª¨å
ª®¬¯«¥ªá­ëå ç¨á¥« zk, çâ® f(zk)→M . �á«¨ íâ  ¯®á«¥¤®¢ â¥«ì­®áâì ­¥®£à ­¨ç¥­ , â® ¨§
­¥¥ ¬®¦­® ¢ë¡à âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì zik → ∞. �®«ãç ¥âáï ¯à®â¨¢®à¥ç¨¥ á «¥¬¬®©
8.38.

�ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì zk ®£à ­¨ç¥­ . � á¨«ã ¯®«­®âë C ¢ ­¥© ¬®¦­® ¢ë¡à âì
áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® íâ®
¨áå®¤­ ï ¯®á«¥¤®¢ â¥«ì­®áâì. �â ª, zk → z0. �®£¤  f(zk) → f(z0) = M . � á¨«ã «¥¬¬ë
� « ¬¡¥à  ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.

�«¥¤áâ¢¨¥ 8.40. �¥¯à¨¢®¤¨¬ë¥ ¬­®£®ç«¥­ë ­ ¤ C ¨¬¥îâ áâ¥¯¥­ì 1. � ç áâ­®áâ¨,
ª ¦¤ë© ¬­®£®ç«¥­ f ∈ C[X] ®¤­®§­ ç­® ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

f = a(X − c1)k1 · · · (X − cm)km , a ∈ C,
£¤¥ c1, . . . , cm à §«¨ç­ë¥ ª®à­¨ f ªà â­®áâ¥© k1, . . . , km.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§®¢ âìáï â¥®à¥¬ ¬¨ 8.37, 8.28.
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�à¥¤«®¦¥­¨¥ 8.41. �ãáâì f ∈ R[X] ¨ c ∈ C { ª®à¥­ì f . �®£¤  c â ª¦¥ ª®à¥­ì f .

�®ª § â¥«ìáâ¢®. �ãáâì f ¨¬¥¥â ¢¨¤ 47. �®£¤ 

0 = f(c) = a0 + a1c+ · · ·+ ancn = a0 + a1c+ · · ·+ ancn =
a0 + a1c+ · · ·+ anc

n = f(c).

�¯à ¦­¥­¨¥ 8.42. �ãáâì f ∈ R[X] ¨ c ∈ C { ª®à¥­ì f ªà â­®áâ¨ k. �®£¤  c â ª¦¥
ª®à¥­ì f ªà â­®áâ¨ k.

�¥®à¥¬  8.43. �¥¯à¨¢®¤¨¬ë¥ ¬­®£®ç«¥­ë ­ ¤ R ¨¬¥îâ áâ¥¯¥­ì ≤ 2. � ç áâ­®áâ¨,
ª ¦¤ë© ¬­®£®ç«¥­ f ∈ R[X] ®¤­®§­ ç­® ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

f = a(X − c1)k1 · · · (X − cm)km(X2 + p1X + q1)l1 · · · (X2 + psX + qs)ls , a ∈ R,
£¤¥ c1, . . . , cm à §«¨ç­ë¥ ª®à­¨ f ªà â­®áâ¥© k1, . . . , km,   ¬­®£®ç«¥­ë (X2 +piX+qi)li ∈
R[X] à §«¨ç­ë ¨ ­¥ ¨¬¥îâ ¢¥é¥áâ¢¥­­ëå ª®à­¥©.

�à¨¢¥¤¥¬ ®æ¥­ªã ¬®¤ã«¥© ª®à­¥© ª®¬¯«¥ªá­®£® ¬­®£®ç«¥­ .

�¥®à¥¬  8.44. �ãáâì f ∈ C[X] ¨¬¥¥â ¢¨¤ (47). �à¥¤¯®«®¦¨¬, çâ® an−1 = · · · =
ak+1 = 0, ¨ an, ak 6= 0, £¤¥ 0 ≤ k < n. �®«®¦¨¬

B = max(|ak|, |ak−1|, . . . , |a0|).
�á«¨ z ∈ C { ª®à¥­ì f , â®

|z| < 1 + n−k

√
B

|an|
.

�®ª § â¥«ìáâ¢®. �ãáâì

|z| ≥ 1 + n−k

√
B

|an|
.

�®áâ â®ç­® ¯®ª § âì, çâ® |f(z)| > 0. �¥©áâ¢¨â¥«ì­®,

|f(z)| = |anzn + akz
k + · · ·+ a1z + a0| ≥ |anzn| − |akzk + · · ·+ a1z + a0| ≥

|an||z|n −
∑k
j=0 |aj ||z|j ≥ |an||z|n −B

∑k
j=0 |z|j = |an||z|n −B

|z|k+1 − 1
|z| − 1

=

|an|
|z| − 1

[
|z|n(|z| − 1)− B

|an|
|z|k+1 +

B

|an|

]
>
|an|
|z| − 1

[
|z|n(|z| − 1)− B

|an|
|z|k+1

]
=

|an||z|k+1

|z| − 1

[
|z|n−k−1(|z| − 1)− B

|an|

]
.

� ª¨¬ ®¡à §®¬, ®áâ ¥âáï ¯®ª § âì, çâ®

|z|n−k−1(|z| − 1) >
B

|an|
.

�® ãá«®¢¨î

|z| − 1 ≥ α = n−k

√
B

|an|
> 0.

�®íâ®¬ã

|z|n−k−1(|z| − 1)− B

|an|
≥ (1 + α)n−k−1α− αn−k = α[(1 + α)n−k−1 − αn−k−1] > 0,

¨¡® 1 + α > α.
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�à¨¢¥¤¥¬  «£®à¨â¬ �âãà¬  ¯à¨¡«¨¦¥­­®£® ­ å®¦¤¥­¨ï ¢¥é¥áâ¢¥­­ëå ª®à­¥© ¬­®-
£®ç«¥­®¢ ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. � ¬¥â¨¬, çâ® ¥á«¨ f ∈ R[X], â® ¯® á«¥¤áâ-

¢¨î 8.25 ¬­®£®ç«¥­
f

(f, f ′)
∈ R[X] ¨¬¥¥â â¥ ¦¥ ª®à­¨, çâ® ¨ f , ­® ¨å ªà â­®áâ¨ áâ ­®¢ïâáï

à ¢­ë¬¨ 1, â. ¥.
f

(f, f ′)
­¥ ¨¬¥¥â ªà â­ëå ª®à­¥©.

�¥®à¥¬  8.45 (�âãà¬). �ãáâì f ∈ R[X] ­¥ ¨¬¥¥â ªà â­ëå ª®à­¥©. �®áâà®¨¬ ¯®-
á«¥¤®¢ â¥«ì­®áâì �âãà¬  f0 = f, ¨ f1 = f ′. � «¥¥ ª ¦¤®¥ ¤«ï «î¡®£® i ≥ 2 ç¥à¥§ fi
®¡®§­ ç¨¬ ®áâ â®ª á® §­ ª®¬ - ®â ¤¥«¥­¨ï fi−2 ­  fi−1, â. ¥.

fi−2 = gi−1fi−1 − fi. (48)

�ãáâì u < v { ¢¥é¥áâ¢¥­­ë¥ ç¨á« , ­¥ ï¢«ïîé¨¥áï ª®à­ï¬¨ f . �«ï «î¡®£® ¢¥é¥áâ¢¥­-
­®£® ç¨á«  a ç¥à¥§ W (a) ®¡®§­ ç¨¬ ç¨á«® ¯¥à¥¬¥­ §­ ª®¢ ¢ àï¤ã

f0(a), f1(a), . . . , fn(a), n = deg f. (49)

�®£¤  ç¨á«® ¢¥é¥áâ¢¥­­ëå ª®à­¥© ¢ [u, v] à ¢­® W (u)−W (v).

�®ª § â¥«ìáâ¢®. � ¬ ¯®âà¥¡ã¥âáï àï¤ «¥¬¬.

�¥¬¬  8.46. �á«¨ fi(c) = 0, â® fi+1(c) 6= 0. �à®¬¥ â®£®, ¥á«¨ i > 0, â® fi−1(c) =
−fi+1(c).

�®ª § â¥«ìáâ¢®. �á«¨ ¡ë fi(c) = fi+1(c) = 0, â® ¯® (48) f(c) = f ′(c) = 0, â. ¥. c {
ªà â­ë© ª®à¥­ì f , çâ® ­¥¢®§¬®¦­® ¢ á¨«ã (8.24) (�¬. â ª¦¥ ã¯à ¦­¥­¨¥ 8.32).

�â®à®¥ ãâ¢¥à¦¤¥­¨¥ ¢ëâ¥ª ¥â ¨§ (48).

�¥¬¬  8.47. �ãáâì fi(c) = 0, £¤¥ i > 0. �®£¤  áãé¥áâ¢ã¥â â ª®¥ ε > 0, çâ®
fi−1(x), fi+1(x) ¨¬¥îâ à §­ë¥ §­ ª¨ ¯à¨ x ∈ (c− ε, c+ ε).

�®ª § â¥«ìáâ¢®. �ã¦­® ¢®á¯®«ì§®¢ âìáï ­¥¯à¥àë¢­®áâìî fj ¤«ï ¢á¥å j.

� ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì ∈ (u, v) ­¥ ï¢«ï¥âáï ª®à­¥¬ f . � áá¬®âà¨¬
¯®¢¥¤¥­¨¥ äã­ªæ¨¨ W (x) ¢ ®ªà¥áâ­®áâ¨ c. �á«¨ ¢á¥ fj(c) 6= 0, â® ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ c ¢á¥ fj(c) ¨¬¥îâ ¯®áâ®ï­­ë© §­ ª. �®íâ®¬ã W (x) ¯®áâ®ï­­® ¢ íâ®© ®ªà¥áâ­®áâ¨ c.
�á«¨ ¦¥ ­¥ª®â®à®¥ fj(c) = 0, j ≥ 1, â® ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ c ¯® «¥¬¬¥ 8.47 äã­ªæ¨¨
fj−1(x), fj+1(x) ¨¬¥îâ ¯®áâ®ï­­ë© §­ ª, ¨ ¯®íâ®¬ã ç¨á«® ¯¥à¥¬¥­ §­ ª®¢ ¢ àï¤ã

fj−1(x), fj(x), fj+1(x) (50)

¯®áâ®ï­­®. �¥àï ¯¥à¥á¥ç¥­¨¥ íâ¨å ®ªà¥áâ­®áâ¥© ¤«ï ¢á¥å j, ¯®«ãç ¥¬ ®ªà¥áâ­®áâì c, ¢
ª®â®à®© W (x) ¯®áâ®ï­­®.

�ãáâì f(c) = 0. �® «¥¬¬¥ 8.46 ¨¬¥¥¬ f1(c) 6= 0. �ãáâì f1(c) > 0. �®£¤  ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ U â®çª¨ c äã­ªæ¨ï f(x) ¢®§à áâ ¥â. �ãáâì f(x) < 0, f(y) > 0, ¯à¨

x, y ∈ U, x < c < y. (51)

�á«¨ fj(c) 6= 0, â® ¬®¦­® áç¨â âì, çâ® fj(x) ¨¬¥¥â ¯®áâ®ï­­ë© §­ ª ¢ U . �á«¨ fj(c) = 0, j >
1, â® ¬®¦­® áç¨â âì, çâ® ¢ àï¤ã (50) ç¨á«® ¯¥à¥¬¥­ §­ ª®¢ ¯®áâ®ï­­®. �«¥¤®¢ â¥«ì­®, ¤«ï
ç¨á«  W (a) ¯¥à¥¬¥­ §­ ª®¢ ¢ àï¤ã (49) ¯®«ãç ¥¬ W (x)−W (y) = 1, ¥á«¨ x, y ¨§ (51).

�ãáâì f1(c) < 0. �®£¤  ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U â®çª¨ c äã­ªæ¨ï f(x) ã¡ë¢ ¥â.
�ãáâì f(x) > 0, f(y) < 0, ¯à¨

x, y ∈ U, x < c < y. (52)

�á«¨ fj(c) 6= 0, â® ¬®¦­® áç¨â âì, çâ® fj(x) ¨¬¥¥â ¯®áâ®ï­­ë© §­ ª ¢ U . �á«¨ fj(c) = 0, j >
1, â® ¬®¦­® áç¨â âì, çâ® ¢ àï¤ã (50) ç¨á«® ¯¥à¥¬¥­ §­ ª®¢ ¯®áâ®ï­­®. �«¥¤®¢ â¥«ì­®, ¤«ï
ç¨á«  W (a) ¯¥à¥¬¥­ §­ ª®¢ ¢ àï¤ã (49) ¯®«ãç ¥¬ W (x)−W (y) = 1, ¥á«¨ x, y ¨§ (52).
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6. �¥¯à¨¢®¤¨¬ë¥ ¬­®£®ç«¥­ë ­ ¤ Z ¨ Q

�¯à¥¤¥«¥­¨¥ 8.48. �­®£®ç«¥­ ¨§ Z[X] ­ §ë¢ ¥âáï ¯à¨¬¨â¨¢­ë¬, ¥á«¨ ¯à¨ç¥¬ ­ ¨-
¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ¢á¥å ¥£® ª®íää¨æ¨¥­â®¢ à ¢¥­ 1.

�¥®à¥¬  8.49 (� ãáá). �à®¨§¢¥¤¥­¨¥ ¯à¨¬¨â¨¢­ëå ¬­®£®ç«¥­®¢ ï¢«ï¥âáï
¯à¨¬¨â¨¢­ë¬.

�®ª § â¥«ìáâ¢®. �ãáâì f, g ∈ Z[X] ¯à¨¬¨â¨¢­ë, ­® fg ­¥ ¯à¨¬¨â¨¢­®. �®£¤  áã-
é¥áâ¢ã¥â ¯à®áâ®¥ ç¨á«® p, ¤¥«ïé¥¥ ¢á¥ ª®íää¨æ¨¥­âë fg. �¥à¥©¤¥¬ ª ª®«ìæã ¢ëç¥â®¢
Zp. �á«¨ f, g { ®¡à §ë f, g ¢ Zp[X], â® ¢ Zp[X] ¯®«ãç ¥¬ fg = 0, çâ® ­¥¢®§¬®¦­®, â ª ª ª
Zp[X] { ®¡« áâì.

�á«¨ f ∈ Q[X] \ 0, â® f =
n

m
f̃, £¤¥ n,m ∈ Z, ¯à¨ç¥¬ (n,m) = 1, ¨ f̃ ∈ Z[X], {

¯à¨¬¨â¨¢­ë© ¬­®£®ç«¥­.

�¥®à¥¬  8.50. �ãáâì f ∈ Z[X] ¯à¨¬¨â¨¢¥­, ¨ f = gh, £¤¥ g, h ∈ Q[X]. �®£¤  f = uv,

£¤¥ u, v ∈ Z[X], ¨ u = ±1g̃, v = ±1h̃.

�®ª § â¥«ìáâ¢®. �¬¥¥¬ g =
r

s
g̃, r, s ∈ Z, ¨ (r, s) = 1. �­ «®£¨ç­®, h =

c

d
h̃,

c, d ∈ Z, ¨ (c, d) = 1. �â ª, f =
rc

sd
g̃h̃, ¨«¨

(sd)f = (rc)g̃h̃, (53)

�® â¥®à¥¬¥ 8.49 ­ ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ª®íää¨æ¨¥­â®¢ ¯à ¢®© ç áâ¨ (53) à ¢¥­ rs,

  á ¤àã£®© áâ®à®­ë, ¯® (53) ®­ à ¢¥­ sd. �âáî¤  rs = ±cd. �âáî¤  f = ±g̃h̃.

�«¥¤áâ¢¨¥ 8.51. �­®£®ç«¥­ f ∈ Z[X] ­¥à §«®¦¨¬ ¢ Z[X] ¢ ¯à®¨§¢¥¤¥­¨¥ ¬­®£®ç«¥-
­®¢ ¬¥­ìè¥© áâ¥¯¥­¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­ ­¥¯à¨¢®¤¨¬ ¢ Q[X].

�¥®à¥¬  8.52 (�à¨â¥à¨© �©§¥­èâ¥©­ ) . �ãáâì f ∈ Z[X] ¨¬¥¥â ¢¨¤ (47), ¯à¨ç¥¬
áãé¥áâ¢ã¥â â ª®¥ ¯à®áâ®¥ ç¨á«® p, çâ®

(1) p - an;
(2) p|an−1, . . . , p|a1, p|a0;
(3) p2

- a0.

�®£¤  ¬­®£®ç«¥­ f ­¥¯à¨¢®¤¨¬ ¢ Q[X].

�®ª § â¥«ìáâ¢®. �ãáâì d = ¢á¥å ª®íää¨æ¨¥­â®¢ f . �®£¤  p - d. �®íâ®¬ã f ¬®¦­®
§ ¬¥­¨âì ­  d−1f ¨ áç¨â âì, çâ® f ¯à¨¬¨â¨¢¥­. �ãáâì f = gh { ­¥âà¨¢¨ «ì­®¥ à §«®¦¥­¨¥
f ¢ Z[X] (á¬. â¥®à¥¬ã 8.50). � ªâ®à¨§ãï ¯® ¬®¤ã«î p ¯®«ãç ¥¬ ¢ Zp[X] à §«®¦¥­¨¥
a0X

n = gh, £¤¥ ç¥àâ  á¢¥àåã ®§­ ç ¥â ®¡à § ¢ Zp[X] ¯® ¬®¤ã«î p. � á¨«ã â¥®à¥¬ë 8.22
¯®«ãç ¥¬, çâ®

g = bXr, h = cXn−r,

£¤¥ b, c ∈ Z, ¨ 0 < r < n. �® â®£¤  á¢®¡®¤­ë¥ ç«¥­ë g, h ¤¥«ïâáï ­  p, ¨ ¯®íâ®¬ã á¢®¡®¤­ë©
ç«¥­ f = gh ¤¥«¨âáï ­  p2, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î.

�à¨¬¥à 8.53. �ãáâì p { ¯à®áâ®¥ ç¨á«®. �®£¤  ¤«ï «î¡®£® n ≥ 1 ¬­®£®ç«¥­ Xn + p ∈
Z[X] ­¥¯à¨¢®¤¨¬.

�«¥¤áâ¢¨¥ 8.54. �ãáâì p { ¯à®áâ®¥ ç¨á«®. �®£¤  æ¨ª«®â®¬¨ç¥áª¨© ¬­®£®ç«¥­

Φp(X) = Xp−1 + xp−2 + · · ·+X + 1 =
Xp − 1
X − 1

­¥¯à¨¢®¤¨¬ ­ ¤ Q.



7. ������������ ����� 49

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ T = X + 1. �®£¤ 

Φp(X) =
(T + 1)p − 1

T
=
T p + pXp−1 + · · ·+

(
p

k

)
T k + · · ·+ pT

T
=

T p−1 + pXp−2 + · · ·+
(
p

k

)
T k−1 + · · ·+ p.

�áâ ¥âáï ¢®á¯®«ì§®¢ âìáï ªà¨â¥à¨© �©§¥­èâ¥©­ .

7. � æ¨®­ «ì­ë¥ ¤à®¡¨

�ãáâì K { ª®¬¬ãâ â¨¢­ ï ®¡« áâì æ¥«®áâ­®áâ¨. � áá¬®âà¨¬ ¬­®¦¥áâ¢® ®â­®è¥­¨©
a

b
, £¤¥ a, b ∈ K, ¯à¨ç¥¬ b 6= 0.

�¯à¥¤¥«¥­¨¥ 8.55. �ª ¦¥¬, çâ® ¤¢  ®â­®è¥­¨ï
a

b
,
c

d
à ¢­ë, ¥á«¨ ad = bc.

�à¥¤«®¦¥­¨¥ 8.56. �â® ®â­®è¥­¨¥ ï¢«ï¥âáï ®â­®è¥­¨¥¬ íª¢¨¢ «¥­â­®áâ¨.

�¯à ¦­¥­¨¥ 8.57. �«¥¤ãîé¨¥ ¤à®¡¨ à ¢­ë
ab

ac
=
b

c
.

�¡®§­ ç¥­¨¥ 8.58. �¥à¥§ F ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ª« áá®¢ à ¢­ëå ¤à®¡¥©.

�¢¥¤¥¬ ¢ F á«®¦¥­¨¥ ¨ ã¬­®¦¥­¨¥ ¯® ¯à ¢¨«ã

a

b
+
c

d
=
ad+ bc

bd
,

a

b

c

d
=
ac

bd
.

�à¥¤«®¦¥­¨¥ 8.59. �¯à¥¤¥«¥­¨¥ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï ª®àà¥ªâ­®. F ®â­®á¨-
â¥«ì­® íâ¨å ®¯¥à æ¨ï ï¢«ï¥âáï ¯®«¥¬.

�à¥¤«®¦¥­¨¥ 8.60. � ¤ ¤¨¬ ®â®¡à ¦¥­¨¥ φ : K → F , ¯®« £ ï φ(a) =
a

1
. �®£¤  φ

¨­ê¥ªâ¨¢­®, ¨ φ(a+ b) = φ(a) + φ(b), φ(ab) = φ(a)φ(b).

�â ª, ¬®¦­® áç¨â âì, çâ® P ⊆ F .

�à¨¬¥à 8.61. �á«¨ K = Z, â® F = Q.

�¯à¥¤¥«¥­¨¥ 8.62. �á«¨ K = R[X], £¤¥ R { ¯®«¥, â® F = R(X) ­ §ë¢ ¥âáï ¯®«¥¬

à æ¨®­ «ì­ëå äã­ªæ¨© ­ ¤ R. �«¥¬¥­â
f

g
∈ R(X) ­ §ë¢ ¥âáï ¯à ¢¨«ì­®© ¤à®¡ìî , ¥á«¨

deg f < deg g. �«¥¬¥­â
f

pk
∈ R(X) ­ §ë¢ ¥âáï ¯à®áâ¥©è¥© ¤à®¡ìî , ¥á«¨ p ∈ R[X] { ­¥¯à¨-

¢®¤¨¬ë© ¬­®£®ç«¥­, ¨ deg f < deg p.

�¥®à¥¬  8.63. �î¡ ï ¤à®¡ì ï¢«ï¥âáï áã¬¬®© ¬­®£®ç«¥­  ¨ ¯à®áâ¥©è¨å ¤à®¡¥©.

�®ª § â¥«ìáâ¢®. � ¬ ¯®âà¥¡ã¥âáï

�¥¬¬  8.64. �ãáâì
f

g
∈ R(X), ¨ g = uv, £¤¥ u, v ∈ R[X], ¯à¨ç¥¬ (u, v) = 1. �®£¤ 

f

g
=
h

u
+
t

v
.

�®ª § â¥«ìáâ¢®. �¬¥¥¬ ua+ vb = 1 ¤«ï ­¥ª®â®àëå a, b ∈ R[X]. �âáî¤  f = uaf +
vbf , ¨

f

g
=
uaf

uv
+
vbf

uv
=
af

v
+
bf

u
.
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� á¨«ã â¥®à¥¬ë 8.22 ¨ ¯à¥¤ë¤ãé¥© «¥¬¬ë ¬®¦­® áç¨â âì, çâ® ¤à®¡ì ¨¬¥¥â ¢¨¤
f

pk
,

£¤¥ p { ­¥¯à¨¢®¤¨¬ë© ¬­®£®ç«¥­. �®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¨­¤ãªæ¨¥© ¯® deg f .
�á«¨ deg f < deg p, â® íâ  ¤à®¡ì ¯à®áâ¥©è ï. �ãáâì deg f ≥ deg p. � §¤¥«¨¬ f á ®áâ âª®¬
­  p,

f = qp+ r, r = 0 ¨«¨ deg r < deg p.
�®£¤ 

f

pk
=
qp+ r

pk
=

q

pk−1
+

r

pk
.

�â®à®¥ á« £ ¥¬®¥ ï¢«ï¥âáï ¯à ¢¨«ì­®© ¤à®¡ìî,   ¢ ¯¥à¢®¬ áâ¥¯¥­ì ç¨á«¨â¥«ï ã¬¥­ìè¨-
« áì.

�«¥¤áâ¢¨¥ 8.65. � ¦¤ ï à æ¨®­ «ì­ ï ¤à®¡ì ¨§ C(X) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ áã¬¬ë
¬­®£®ç«¥­  ¨ ¤à®¡¥© ¢¨¤ 

c

(X − a)k
. � ¦¤ ï à æ¨®­ «ì­ ï ¤à®¡ì ¨§ R(X) ¯à¥¤áâ ¢«ï-

¥âáï ¢ ¢¨¤¥ áã¬¬ë ¬­®£®ç«¥­  ¨ ¤à®¡¥© ¢¨¤ 

c

(X − a)k
,

aX + b

(X2 + pA+ q)k
,

£¤¥ X2 + pX + q ∈ R[X] ­¥ ¨¬¥¥â ¢¥é¥áâ¢¥­­ëå ª®à­¥©.

8. �®«ìæ® áâ¥¯¥­­ëå àï¤®¢

�ãáâì R {  áá®æ¨ â¨¢­®¥ ª®«ìæ® á 1. � áá¬®âà¨¬ ¬­®¦¥áâ¢® R[[X]] ¢á¥å ¯®á«¥¤®¢ -
â¥«ì­®áâ¥©

a = (a0, a1, . . . ) (54)

í«¥¬¥­â®¢ ¨§ R. �¯à¥¤¥«¨¬ ¢ R[[X]] ®¯¥à æ¨î á«®¦¥­¨ï ¯®-ª®®à¤¨­ â­®. �à®¬¥ â®£®,
¥á«¨ a ¨§ (54),

b = (b0, b1, . . . ),
â®

c = ab = (c0, c1, . . . ),
£¤¥ ¤«ï «î¡®£® k ≥ 0

ck =
k∑
i=0

aibk−i. (55)

�à¥¤«®¦¥­¨¥ 8.66. R[[X]] ï¢«ï¥âáï  áá®æ¨ â¨¢­ë¬ ª®«ìæ®¬ á 1. �á«¨ R ª®¬¬ã-
â â¨¢­®, â® ¨ R[[X]] ª®¬¬ãâ â¨¢­®.

�¯à¥¤¥«¥­¨¥ 8.67. R[[X]] ­ §ë¢ ¥âáï ª®«ìæ®¬ áâ¥¯¥­­ëå àï¤®¢ .

�à¥¤«®¦¥­¨¥ 8.68. �á¥ í«¥¬¥­âë (a0, 0, . . . ) ∈ R[[X]] ®¡à §ãîâ ¯®¤ª®«ìæ®, ¨§®-
¬®àä­®¥ R. �á¥ ¯®çâ¨ ­ã«¥¢ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ R[[X]] ®¡à §ãîâ ¯®¤ª®«ìæ®, ï¢-
«ïîé¥¥áï ª®«ìæ®¬ ¬­®£®ç«¥­®¢ R[X].

�®ª § â¥«ìáâ¢®. �§®¬®àä¨§¬ § ¤ ¥âáï ¯® ¯à ¢¨«ã a 7→ (a, 0, . . . ) ∈ R[[X]].

�¡®§­ ç¥­¨¥ 8.69. �áî¤ã ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì a ∈ R á (a, 0, . . . ) ∈
R[X]. �®«®¦¨¬ X = (0, 1, 0, . . . ).

�à¥¤«®¦¥­¨¥ 8.70. �«ï «î¡®£® n ≥ 1

Xn = (0, . . . , 0,
n
1, 0, . . . )

�á«¨ a ¨§ (54), â®

f = a0 + a1X + · · · , ai ∈ R. (56)
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�¯à¥¤¥«¥­¨¥ 8.71. �ãáâì a ∈ R[X] ¨§ (36), ¯à¨ç¥¬ a0 = . . . = an−1 = 0, an 6= 0.
�®àï¤ª®¬ o(f) ­ §ë¢ ¥âáï ç¨á«® n. an ­ §ë¢ ¥âáï ¬« ¤è¨¬ ç«¥­®¬ f .

�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, R { ®¡« áâì.

�à¥¤«®¦¥­¨¥ 8.72. �®àï¤®ª ¯à®¨§¢¥¤¥­¨ï àï¤®¢ à ¢¥­ áã¬¬¥ ¨å ¯®àï¤ª®¢. �« ¤-
è¨© ç«¥­ ¯à®¨§¢¥¤¥­¨ï àï¤®¢ à ¢¥­ ¯à®¨§¢¥¤¥­¨î ¬« ¤è¨å ç«¥­®¢ á®¬­®¦¨â¥«¥©. �
ç áâ­®áâ¨, R[[X]] { ®¡« áâì.

�¯à ¦­¥­¨¥ 8.73. o(f + g) ≥ o(f), o(g).

�¥®à¥¬  8.74. �«¥¬¥­â f ¨§ (56) ®¡à â¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  a0 ®¡à â¨¬
¢ R.

�®ª § â¥«ìáâ¢®. �ãáâì

g = b0 + b1X + · · · = f−1, bi ∈ R. (57)

�®£¤  1 = gf , ®âªã¤  1 = a0b0. �­ «®£¨ç­®, ¨§ 1 = fg, ®âªã¤  1 = b0a0.
�¡à â­®, ¯ãáâì f ¨§ (56) ¨ a0 ®¡à â¨¬® ¢ R. �ã¤¥¬ ¨áª âì g = f−1 ¢ ¢¨¤¥ (57), £¤¥

b0 = a−1
0 . �«ï «î¡®£® j ≥ 1 ¨§ ãá«®¢¨ï fg = 1 ¨¬¥¥¬

ajb0 + aj−1b1 + · · ·+ a0bj = 0.

�âáî¤ 

bj = −a−1
0 [ajb0 + aj−1b1 + · · ·+ a1bj−1] .

�â  á¨áâ¥¬  à ¢¥­áâ¢ ¯®§¢®«ï¥â ¯®á«¥¤®¢ â¥«ì­® ®¯à¥¤¥«¨âì ¢á¥ ª®íää¨æ¨¥­âë bj , j ≥ 1.
�â ª, ¤«ï f ­ è¥«áï ¯à ¢ë© ®¡à â­ë© í«¥¬¥­â g. � ª ª ª á¢®¡®¤­ë© ç«¥­ g ®¡à â¨¬, â®
¤«ï g ­ ©¤¥âáï ¯à ¢ë© ®¡à â­ë© h, â. ¥. gh = 1. �âáî¤  f = f(gh) = (fg)h = h.

�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® R { ¯®«¥.

�«¥¤áâ¢¨¥ 8.75. � ¦¤ë© ­¥­ã«¥¢®© í«¥¬¥­â f ¨§ R[[X]] ¨¬¥¥â ¢¨¤ f = Xnu, £¤¥
n = o(f) ≥ 0 ¨ u { ®¡à â¨¬ë© í«¥¬¥­â ¨§ R[[X]].

�¯à¥¤¥«¥­¨¥ 8.76. � ª ª ª R[[X]] { ª®¬¬ãâ â¨¢­ ï ®¡« áâì, â® ¤«ï ­¥¥ áãé¥áâ¢ã¥â
¯®«¥ ¤à®¡¥© R((X)).�­® ­ §ë¢ ¥âáï ¯®«¥¬ «®à ­®¢áª¨å àï¤®¢ .

�à¥¤«®¦¥­¨¥ 8.77. � ¦¤ë© ­¥­ã«¥¢®© í«¥¬¥­â ¨§ R((X)) ®¤­®§­ ç­® ¯à¥¤áâ ¢«ï-
¥âáï ¢ ¢¨¤¥ Xnu, £¤¥ n ∈ Z ¨ u { ®¡à â¨¬ë© í«¥¬¥­â ¨§ R[[X]].

�®ª § â¥«ìáâ¢®. �ãáâì a = Xmu, b = Xmv, £¤¥ n,m ≥ 0, ¨ u, v { ®¡à â¨¬ë¥ í«¥-

¬¥­âë ¨§ R[[X]]. �®£¤ 
a

b
= Xm−nuv−1 ¨¬¥¥â ãª § ­­ë© ¢¨¤.

�á«¨ Xsu = X lv ∈ R((X)), ¨ s ≥ l, â® Xs−l = uv−1. �à ¢­¨¢ ï á¢®¡®¤­ë¥ ç«¥­ë,
¯®«ãç ¥¬ s− l = 0. â®£¤  u = v.

�«¥¤áâ¢¨¥ 8.78. �á«¨ f ∈ R((X)) \ 0, â® f ®¤­®§­ ç­® ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ «®à -
­®¢áª®£® àï¤ 

f = anX
n + an+1X

n+1 + · · · , n ∈ Z, ai ∈ R, an 6= 0. (58)

�¯à¥¤¥«¥­¨¥ 8.79. �ãáâì f ∈ R((X)) ¨§ (58). �®«®¦¨¬

f ′ = nanX
n−1 + (n+ 1)an+1X

n + · · · ∈ R((X)). (59)

�à¥¤«®¦¥­¨¥ 8.80. �á«¨ f, g ∈ R((X)), â® (f + g)′ = f ′ + g′, (fg)′ = f ′g + fg′.

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª  á ¨á¯®«ì§®¢ ­¨¥¬ (59) ¨ (55).

�«¥¤áâ¢¨¥ 8.81. �á«¨ f, g ∈ R((X)), â® (g−1f)′ = g−2(f ′g − fg′). � ç áâ­®áâ¨,
(gn)′ = ngn−1g′ ¤«ï ¢á¥å n ∈ Z.
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�¯à¥¤¥«¥­¨¥ 8.82. �¡®§­ ç¨¬ ç¥à¥§ XR[[X]] ¬­®¦¥áâ¢® ¢á¥å g ∈ R[[X]], ¨¬¥îé¨å
¯®àï¤®ª ­¥ ¬¥­ìè¥ 1î �ãáâì f ∈ R[[X]], g ∈ XR[[X]]. �®¤áâ ­®¢ª®© àï¤  g ¢ àï¤ f ¨§
(56) ­ §®¢¥¬ àï¤

f(g) = a0 + a1g + · · ·+ ang
n + · · · (60)

�¯à¥¤¥«¥­¨¥ 8.83. �à¥¤«®¦¥­¨¥ 8.84. �¯à¥¤¥«¥­¨¥ ¯®¤áâ ­®¢ª¨ àï¤  ¢ àï¤
ª®àà¥ªâ­®.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, â ª ª ª o(gn) ≥ n, â® ¢ (60) ª®íää¨æ¨¥­â ¯à¨ Xm

á®¢¯ ¤ ¥â á ª®íää¨æ¨¥­â®¬ ¯à¨ Xm ã a0 + a1g + · · ·+ am−1g
m−1.

�¥®à¥¬  8.85. �ãáâì f ∈ R[[X]], g ∈ XR[[X]]. �®£¤  f(g)′ = f ′(g)g′.

�®ª § â¥«ìáâ¢®. �®íää¨æ¨¥­â ¯à¨ Xm ã f(g)′ á®¢¯ ¤ ¥â á ª®íää¨æ¨¥­â®¬ ¯à¨
Xm ã (a0 + a1g+ · · ·+ amg

m)′. �«¥¤®¢ â¥«ì­®, ¯® á«¥¤áâ¢¨î 8.81 ª®íää¨æ¨¥­â ¯à¨ Xm ã
f(g)′ à ¢¥­

a1g
′ + · · ·+mamg

m−1g′ = (a1 + 2a2g + · · ·+mamg
m−1)g′.

�âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥.

�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯®«¥ R ¨¬¥¥â ­ã«¥¢ãî å à ªâ¥à¨á-
â¨ªã.

�à¥¤«®¦¥­¨¥ 8.86. �ãáâì f, g ∈ R[[X]], ¯à¨ç¥¬ f ′ = g′. �®£¤  f = g + c, c ∈ R.

�¯à ¦­¥­¨¥ 8.87. �ãáâì f ∈ R[[X]] ¨§ (56). �®£¤  ¤«ï «î¡®£® j ≥ 0

aj =
f (j)(0)
j!

.

�¯à¥¤¥«¥­¨¥ 8.88. �ãáâì f ∈ XR[[X]]. �®«®¦¨¬

exp(f) = 1 +
f

1!
+ · · ·+ fn

n!
+ · · · , ln(1 + f) =

∑
j≥1

(−1)i−1

i
f i.

�¥®à¥¬  8.89. �á«¨ o(f), o(g) ≥ 1, â® exp(f + g) = exp f exp g, ¨ (ln(1 + f))′ =
f ′

1 + f
.

�®ª § â¥«ìáâ¢®. �¬¥¥¬

exp f exp g = (1 +
f

1!
+ · · ·+ fn

n!
+ · · · )(1 +

g

1!
+ · · ·+ gn

n!
+ · · · ) =∑

i,j≥0

f i

i!
f j

j!
=
∑
t≥0

1
t!
∑
i+j=t

t!
i!j!

f igj =
∑
t≥0

1
t!

(f + g)t = exp(f + g).

�«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® ãâ¢¥à¦¤¥­¨ï § ¬¥â¨¬, çâ® ¯® â¥®à¥¬¥ 8.85

(ln(1 + f))′ =
∑
j≥1

(−1)j−1f i−1f ′ = (1 + f)−1f ′.

�¥®à¥¬  8.90. �á«¨ o(f) ≥ 1, â®

ln(exp f) = f, exp(ln(1 + f)) = f.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì ãâ¢¥à¦¤¥­¨¥ ¯à¨ f = X. �ëç¨á«¨¬ ¯à®¨§-
¢®¤­ãî, ¨á¯®«ì§ãï â¥®à¥¬ã 8.89,

(ln(expX))′ = (ln(1 + (expX − 1)))′ =
(expX − 1)′

1 + (expX − 1)
=

expX
expX

= 1 = X ′.
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�âáî¤  ln(expX) = X + c, c ∈ R ¯® ¯à¥¤«®¦¥­¨î ¯à¥¤«®¦¥­¨î 8.86. �®¤áâ ¢«ïï X = 0,
¯®«ãç ¥¬ ln(exp 0) = 0 = c.

� áá¬®âà¨¬ â¥¯¥àì àï¤
exp(ln(1 +X))

1 +X
¨ ¢ëç¨á«¨¬ ¥£® ¯à®¨§¢®¤­ãî, ¨á¯®«ì§ãï á«¥¤áâ¢¨¥ 8.81 ¨ â¥®à¥¬ã 8.89[

exp(ln(1 +X))
1 +X

]′
=

[exp(ln(1 +X))]′(1 +X)− exp(ln(1 +X))
(1 +X)2

=

exp(ln(1+X))
1+X (1 +X)− exp(ln(1 +X))

(1 +X)2
= 0

�âáî¤ 
exp(ln(1 +X))

1 +X
∈ R.

�®¤áâ ¢«ïï X = 0 ¯®«ãç ¥¬

exp(ln(1 +X))
1 +X

= exp(ln 1)) = exp 0 = 1.

�«¥¤áâ¢¨¥ 8.91. �­®¦¥áâ¢® XR[[X]] ï¢«ï¥âáï £àã¯¯®© ®â­®á¨â¥«ì­® á«®¦¥­¨ï.
�ãáâì 1 + XR[[X]] { ¬­®¦¥áâ¢® ¢á¥å àï¤®¢ ¨§ R[[X]] á® á¢®¡®¤­ë¬ ç«¥­®¬ 1. �®£¤ 
1 + XR[[X]] { £àã¯¯  ®â­®á¨â¥«ì­® ã¬­®¦¥­¨ï. �â®¡à ¦¥­¨¥ exp : XR[[X]] → 1 +
XR[[X]] § ¤ ¥â ¨§®¬®àä¨§¬ íâ¨å £àã¯¯. �¡à â­®¥ ®â®¡à ¦¥­¨¥ ª ­¥¬ã ¨¬¥¥â ¢¨¤
ln : 1 +XR[[X]]→ XR[[X]]. � ç áâ­®áâ¨, ln((1 + f)(1 + g)) = ln(1 + f) + ln(1 + g) ¤«ï ¢á¥å
f, g ∈ XR[[X]].
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����� 9

�­®£®ç«¥­ë ®â ­¥áª®«ìª¨å ¯¥à¥¬¥­­ëå

1. �®«ìæ® ¬­®£®ç«¥­®¢ ®â ­¥áª®«ìª¨å ¯¥à¥¬¥­­ëå

�¯à¥¤¥«¥­¨¥ 9.1. �ãáâì R {  áá®æ¨ â¨¢­®¥ ª®«ìæ® á 1. �® ¨­¤ãªæ¨¨ ¯®«®¦¨¬

R[X, . . . , Xn] = (R[X, . . . , Xn−1])[Xn].

� ª¨¬ ®¡à §®¬, ª ¦¤ë© í«¥¬¥­â ¨§ R[X, . . . , Xn] ®¤­®§­ ç­® ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ áã¬¬ë
®¤­®ç«¥­®¢

ai1,... ,inX
i1
1 · · ·Xin

n , ai1,... ,in ∈ R, (61)

£¤¥ i1, . . . , in ∈ N∪0. �ãáâì (N∪0)n { ¬­®¦¥áâ¢® ¬ã«ìâ¨¨­¤¥ªá®¢ , â. ¥. ¬­®¦¥áâ¢® ­ ¡®à®¢
(i1, . . . , in) í«¥¬¥­â®¢ ¨§ N ∪ 0. �®£¤  ®¤­®ç«¥­ (61) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

aiX
i, i = (i1, . . . , in) ∈ (N ∪ 0)n, Xi = Xi1

1 · · ·Xin
n .

�§ á«¥¤áâ¢¨ï 8.8 ¢ëâ¥ª ¥â

�¥®à¥¬  9.2. �á«¨ R { ®¡« áâì, â® ¨ R[X, . . . , Xn] { ®¡« áâì.

�«ï áà ¢­¥­¨ï ®¤­®ç«¥­®¢ ¢¢¥¤¥¬ ¢ (N ∪ 0)n ®â­®è¥­¨¥ ¯®àï¤ª .

�¯à¥¤¥«¥­¨¥ 9.3. �ãáâì

m = (m1, . . . ,mn), r = (r1 . . . , rn) ∈ (N ∪ 0)n.

�ª ¦¥¬, çâ® m > r, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ 1 ≤ j < n, çâ®

m1 = r1, . . . ,mj−1 = rj−1,mj > rj . (62)

�à¥¤«®¦¥­¨¥ 9.4. �á«¨ m > m′,m′ > m′′, â® m > m′′. �à®¬¥ â®£®, m ≥ m, ¨ ¥á«¨
m ≥ m′,m′ ≥ m, â® m = m′.

�®ª § â¥«ìáâ¢®. �ãáâì

m = (m1, . . . ,mn),m′ = (m′1 . . . ,m
′
n),m′′ = (m′′1 . . . ,m

′′
n). (63)

�ãáâì

m1 = m′1, . . . ,mj−1 = m′j−1,mj > m′j ; (64)

m′1 = m′′1 , . . . ,m
′
j′−1 = m′′j′−1,m

′
j′ > m′′j′ .

�á«¨ s = min(j, j′), â®
m1 = m′′1 , . . . ,ms−1 = m′′s−1,ms > m′′s .

�®íâ®¬ã m > m′′. �­ «®£¨ç­® ¤®ª §ë¢ îâáï ®áâ «ì­ë¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  9.5. �î¡ ï ¯®á«¥¤®¢ â¥«ì­®áâì M1 ≥ M2 ≥ . . . ¢ (N ∪ 0)n áâ ¡¨«¨§¨àã-
¥âáï.

55
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�®ª § â¥«ìáâ¢®. �®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¨­¤ãªæ¨¥© ¯® n. �á«¨ n = 1, â®
ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®. �ãáâì ¤«ï n− 1 â¥®à¥¬  ¤®ª § ­ . �á«¨ Mi = (mi1,mi2, . . . ,min),
â® ¯® ãá«®¢¨î m11 ≥ m21 ≥ . . . . �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª®¥ k, çâ® mk,1 = mk+1,1 =
. . . . �® ãá«®¢¨î ¢ íâ®¬ á«ãç ¥ ¢ (N ∪ 0)n−1 ¯®«ãç ¥¬

(mk,2, . . . ,mk,n) ≥ (mk+1,2, . . . ,mk+1,n) ≥ . . .

�® ¨­¤ãªæ¨¨ íâ  ¯®á«¥¤®¢ â¥«ì­®áâì áâ ¡¨«¨§¨àã¥âáï ­ ç¨­ ï á ­¥ª®â®à®£® ¬¥áâ  t. �®£¤ 
Mt = Mt+1 = . . . .

�à¥¤«®¦¥­¨¥ 9.6. �á«¨ m,m′,m′′ ∈ (N ∪ 0)n ¨ m > m′, â® m+m′′ > m′ +m′′.

�®ª § â¥«ìáâ¢®. �ãáâì m,m′,m′′ ¨§ (63) ¨ ¢ë¯®«­¥­® (64). �®£¤ 

m1 +m′′1 = m′1 +m′′1 , . . . ,mj−1 +m′′j−1 = m′j−1 +m′′j−1,mj +m′′j > m′j +m′′j .

�«¥¤áâ¢¨¥ 9.7. �á«¨ m,m′,m′′,m′′′ ∈ (N ∪ 0)n ¨ m ≥ m′,m′′ ≥ m′′′, â® m + m′′ >
m′ +m′′′.

�¯à¥¤¥«¥­¨¥ 9.8. �ãáâì

f =
∑

i∈(N∪0)n

aiX
i 6= 0. (65)

�¤­®ç«¥­ amX
m ¨§ íâ®£® ¯à¥¤áâ ¢«¥­¨ï ­ §ë¢ ¥âáï áâ àè¨¬ ¢ f , ¥á«¨ m > j ¤«ï ¢á¥å

â ª¨å j ∈ (N ∪ 0)n, çâ® aj 6= 0.

�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¢ íâ®© £« ¢¥ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® R {  áá®æ¨ â¨¢­®-
ª®¬¬ãâ â¨¢­ ï ®¡« áâì á 1. �§ á«¥¤áâ¢¨ï 9.7 ¢ëâ¥ª ¥â

�¥®à¥¬  9.9. �â àè¨© ®¤­®ç«¥­ ¯à®¨§¢¥¤¥­¨ï ¬­®£®ç«¥­®¢ à ¢¥­ ¯à®¨§¢¥¤¥­¨î
áâ àè¨å ®¤­®ç«¥­®¢.

�¯à¥¤¥«¥­¨¥ 9.10. �­®£®ç«¥­ f ¨§ (9.7) ®¤­®à®¤¥­ áâ¥¯¥­¨ d, ¥á«¨ ¢ «î¡®¬ ­¥­ã«¥-
¢®¬ ®¤­®ç«¥­¥ aiX

i ¨§ (9.7), £¤¥ i = (i1, . . . , in), ¢ë¯®«­¥­® ãá«®¢¨¥ i1 + · · ·+ in = d.

�¯à ¦­¥­¨¥ 9.11. �ãáâì f ¨§ (9.7) ¨ fd { ¥£® ®¤­®à®¤­ ï ª®¬¯®­¥­â  áâ¥¯¥­¨ d, â.
¥. áã¬¬  ¢á¥å ¥£® ®¤­®à®¤­ëå ®¤­®ç«¥­®¢ áâ¥¯¥­¨ d. �®£¤  f = f0 + f1 + · · · .

2. �¨¬¬¥âà¨ç­ë¥ ¬­®£®ç«¥­ë

�¯à¥¤¥«¥­¨¥ 9.12. �­®£®ç«¥­ f ¨§ (9.7) á¨¬¬¥âà¨ç¥­, ¥á«¨ ®­ ­¥ ¬¥­ï¥âáï ¯à¨ «î-
¡®© ¯¥à¥áâ ­®¢ª¥ ¯¥à¥¬¥­­ëå. �à¨¬¥à ¬¨ á¨¬¬¥âà¨ç­ëå ¬­®£®ç«¥­®¢ ï¢«ïîâáï í«¥¬¥­-
â à­ë¥ á¨¬¬¥âà¨ç­ë¥ ¬­®£®ç«¥­ë

σ1 = σ1(X1, . . . , Xn) = X1 + · · ·+Xn;
σ2 = σ2(X1, . . . , Xn) = X1X2 + · · ·+Xn−1Xn;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
σn = σn(X1, . . . , Xn) = X1 · · ·Xn.

(66)

�àã£¨¬¨ á«®¢ ¬¨, σk { íâ® áã¬¬  ¢á¥å ¯à®¨§¢¥¤¥­¨© ¯® k ­¥¨§¢¥áâ­ëå Xi1 · · ·Xik , 1 ≥ i1 <
· · · < ik ≥ n.

�¯à ¦­¥­¨¥ 9.13. �á¥ á¨¬¬¥âà¨ç¥áª¨¥ ¬­®£®ç«¥­ë ®¡à §ãîâ ¯®¤ª®«ìæ® ¢ ª®«ìæ¥
¬­®£®ç«¥­®¢. �á«¨ á¨¬¬¥âà¨ç¥áª¨© ¬­®£®ç«¥­ f ¨§ (9.7) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ f = f0 +
f1 + · · · ¢ á®®â¢¥âáâ¢¨¨ á ã¯à ¦­¥­¨¥¬ 9.11, â® ¢á¥ ¥£® ®¤­®à®¤­ë¥ ª®¬¯®­¥­âë f0, f1, . . .
á¨¬¬¥âà¨ç­ë. �â àè¨© ®¤­®ç«¥­ σk à ¢¥­ X1 · · ·Xk.
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�à¥¤«®¦¥­¨¥ 9.14. �ãáâì

aXm1
1 · · · , Xmn

n (67)

{ áâ àè¨© ç«¥­ ­¥ª®â®à®£® á¨¬¬¥âà¨ç­®£® ¬­®£®ç«¥­ . �®£¤ 

m1 ≥ m2 ≥ · · · ≥ mn. (68)

�®ª § â¥«ìáâ¢®. �ãáâì, ­ ¯à¨¬¥à, m1 < m2. �¥à¥áâ ¢«ïï X1 ¨ X2, ¯®«ãç ¥¬,
çâ® ¢ ¬­®£®ç«¥­ ¢å®¤¨â â ª¦¥ ®¤­®ç«¥­ aXm2

1 X2m1 · · ·Xmn
n , ª®â®àë© áâ àè¥ (67), çâ®

­¥¢®§¬®¦­®.

�¥®à¥¬  9.15. � ¦¤ë© á¨¬¬¥âà¨ç­ë© ¬­®£®ç«¥­ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ ¬­®£®-
ç«¥­  ®â í«¥¬¥­â à­ëå á¨¬¬¥âà¨ç­ëå ¬­®£®ç«¥­®¢.

�®ª § â¥«ìáâ¢®. �ãáâì § ¤ ­ á¨¬¬¥âà¨ç­ë© ¬­®£®ç«¥­ f á® áâà è¨¬ ®¤­®ç«¥­®¬
(67). �® ¯à¥¤«®¦¥­¨î 9.14 ¯®«ãç ¥¬ (68). � áá¬®âà¨¬ á¨¬¬¥âà¨ç­ë© ¬­®£®ç«¥­

h = aσm1−m2
1 · · ·σmn−mn−1

n−1 σmnn

�® â¥®à¥¬¥ 9.9 ¨ ã¯à ¦­¥­¨î 9.13 áâ àè¨© ç«¥­ h à ¢¥­

aXm1−m2
1 (X1X2)m2−m3 · · · (X1 · · ·Xn−1)mn−mn−1(X1 · · ·Xn)mn = aXm1

1 · · ·Xmn
n

â. ¥. á®¢¯ ¤ ¥â á® áâ àè¨¬ ç«¥­®¬ f . �®íâ®¬ã áâ àè¨© ç«¥­ á¨¬¬¥âà¨ç¥áª®£® ¬­®£®ç«¥­ 
f − h ¬¥­ìè¥ áâ àè¥£® ç«¥­  f . �à®¤®«¦ ï íâ®â ¯à®æ¥áá ¢ á¨«ã â¥®à¥¬ë 9.5 ¯®«ãç ¥¬
ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�à¨¢¥¤¥¬ ¯à¨¬¥à ¢ëç¨á«¥­¨©. �ãáâì § ¤ ­ ®¤­®à®¤­ë© á¨¬¬¥âà¨ç­ë© ¬­®£®ç«¥­
f = X3

1 + X3
2 + X3

3 áâ¥¯¥­¨ 3. �£® áâ àè¨© ç«¥­ X3
1 ¨¬¥¥â ­ ¡®à ¯®ª § â¥«¥© (3, 0, 0).

�ë¯¨è¥¬ ¢á¥ ­ ¡®àë (m1,m2,m3) ∈ (N ∪ 0)3 á ãá«®¢¨ï¬¨:

(1) (m1,m2,m3) < (3, 0, 0);
(2) m1 ≥ m2 ≥ m3;
(3) m1 +m2 +m+ 3 = 3.

�â¨ ­ ¡®àë á®®â¢¥âáâ¢ãîâ ­ ¡®à ¬ ¯®ª § â¥«¥© áâ àè¨å ç«¥­®¢, ¢®§­¨ª îé¨å ¢ ¤®ª § -
â¥«ìáâ¢¥ ®á­®¢­®© â¥®à¥¬ë. � ¤ ­­®¬ á«ãç ¥ â ª¨¬¨ ­ ¡®à ¬¨ ï¢«ïîâáï (2, 1, 0), (1, 1, 1).
� ¦¤®¬ã ¨§ ¯®«ãç¨¢è¨åáï ­ ¡®à®¢ (3, 0, 0), (2, 1, 0), (1, 1, 1) á®¯®áâ ¢«¥­ ª ª ¨ ¢ â¥®à¥¬¥
®¤­®ç«¥­ ®â í«¥¬¥­â à­ëå á¨¬¬¥âà¨ç­ëå ¬­®£®ç«¥­®¢. �®£¤ 

f = σ3
1 + aσ1σ2 + bσ3, (69)

£¤¥ ª®íää¨æ¨¥­âë a, b ­ã¦­® ®¯à¥¤¥«¨âì. �®¤áâ ¢«ïï ¢ (69) X1 = X2 = 1, X3 = 0 ¯®-
«ãç ¥¬ 2 = f = 8 + 2a, ®âªã¤  a = −3. �®¤áâ ¢«ïï ¢ (69) X1 = X2 = X3 = 1 ¯®«ãç ¥¬
3 = f = 27− 27 + b, ®âªã¤  b = 3. �â ª,

X3
1 +X3

2 +X3
3 = σ3

1 − 3σ1σ2 + 3σ3.

�ë¢¥¤¥¬ â¥¯¥àì ä®à¬ã«ë �¨¥â . �«ï íâ®£® ¢ ª®«ìæ® R[X,X1, . . . , Xn] à áá¬®âà¨¬ ¬­®-
£®ç«¥­

f = a(X −X1) · · · (X −Xn), a ∈ R.
�¥à¥¬­®¦ ï, ¯®«ãç ¥¬

f = aXn + a(−1)σ1X
n−1 + · · ·+ a(−1)kσkXn−k + · · ·+ a(−1)nσn. (70)

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥­¨¥ 9.16. �ãáâì R { ¯®«¥ ¨

f = anX
n + · · ·+ a0 ∈ R[X]
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¨¬¥¥â ª®à­¨ α1, . . . , αn, áç¨â ï á ¨å ªà â­®áâï¬¨. �®£¤  ¤«ï «î¡®£® k = 1, . . . , n á¯à -
¢¥¤«¨¢ë ä®à¬ã«ë �¨¥â 

an−k
an

= (−1)kσk. (71)

�®ª § â¥«ìáâ¢®. �ã¦­® ¯®¤áâ ¢¨âì X1 = α1, . . . , Xn = αn, a = an ¢ (70).

�ë ¢ëà ¦ «¨ á¨¬¬¥âà¨ç­ë¥ ¬­®£®ç«¥­ë ç¥à¥§ í«¥¬¥­â à­ë¥. �® ¢ àï¤¥ á«ãç ¥¢
¬®¦­® ¢ëà ¦ âì ¨ ç¥à¥§ ¤àã£¨¥ á¨¬¬¥âà¨ç­ë¥ ¬­®£®ç«¥­ë. �¬¥­­®, ¤«ï «î¡®£® ­ âã-
à «ì­®£® ç¨á«  k ¯®«®¦¨¬

pk = Xk
1 + · · ·+Xk

n ∈ Z[X1, . . . , Xn].

�¥®à¥¬  9.17 (�®à¬ã«ë �ìîâ®­ ) . � ª®«ìæ¥ Z[X1, . . . , Xn] ¯®«®¦¨¬ σk = 0 ¯à¨ k >
n ¨ σ0 = 1. �®£¤  ¤«ï «î¡®£® k ≥ 1 ¨¬¥¥¬

pk − pk−1σ1 + pk−2σ2 + · · ·+ (−1)k−1p1σk−1 + (−1)kσk = 0.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® Z[X1, . . . , Xn] ⊆ Q[X,X1, . . . , Xn]. �® (70)

F (X) =
n∑
k=0

σkX
k =

n∏
k=1

(1 +XkX).

�®£¤  ¯® (8.91)

ln(F (X)) =
n∑
k=1

ln(1 +XkX).

�ëç¨á«ïï ¯à®¨§¢®¤­ãî ¯® X ¯® â¥®à¥¬¥ 8.89 ¯®«ãç ¥¬, çâ®

F (X)′

F (X)
=
∑n
k=1

Xk

1 +XkX
=
∑n
k=1Xk(1−XkX +X2

kX
2 + · · · ) =

p1 −Xp2 +X2p3 + · · ·+ (−1)kT kpk+1 + · · ·

� ¤àã£®© áâ®à®­ë,

F (X)′

F (X)
=
∑n
k=1 σkkX

k−1∑n
k=1 σkX

k
.

�®íâ®¬ã

n∑
k=1

σkkX
k−1 = (

n∑
k=1

σkX
k)(p1 −Xp2 +X2p3 + · · ·+ (−1)kT kpk+1 + · · · )

�â ª, ¯à¨ k = 1, . . . , n

kσk = (−1)kpk + (−1)k−1σ1 + · · ·+ p1σk−1.

�âáî¤  ­ å®¤¨¬ pk

�«¥¤áâ¢¨¥ 9.18. �á«¨ R { ¯®«¥ ­ã«¥¢®© å à ªâ¥à¨áâ¨ª¨, â® ª ¦¤ë© á¨¬¬¥âà¨ç-
­ë© ¬­®£®ç«¥­ ï¢«ï¥âáï ¬­®£®ç«¥­®¬ ®â p1, . . . , pn.

�ª ¦¥¬ ï¢­ë¥ ¢ëà ¦¥­¨ï σk ç¥à¥§ p1, . . . , pn ¨ ­ ®¡®à®â. � á¨«ã â¥®à¥¬ë 9.17 ¨¬¥¥¬
á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨©

σ1 = p1

σ1p1 −2σ2 = p2

σ1p2 −σ2p1 3σ2 = p3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
σ1pk−1 −σ2pk−2 σ3pk−2 . . . (−1)k−1kσk = pk

(72)
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�¥è ï á¨áâ¥¬ã (72) ®â­®á¨â¥«ì­® σk ¯® ¯à ¢¨«ã �à ¬¥à , ¯®«ãç ¥¬

σk =

∣∣∣∣∣∣∣∣
1 0 0 . . . 0 p1

p1 −2 0 . . . 0 p2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
pk−1 pk−2 . . . . . . p1 pk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 . . . 0 0
p1 −2 0 . . . 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
pk−1 pk−2 . . . . . . p1 (−1)k−1k

∣∣∣∣∣∣∣∣
=

1
k!

∣∣∣∣∣∣∣∣
p1 1 0 . . . 0 0
p2 p1 2 . . . 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . .
pk pk−1 . . . . . . p2 p1

∣∣∣∣∣∣∣∣ .

�¥è ï á¨áâ¥¬ã (72) ®â­®á¨â¥«ì­® pk ¯® ¯à ¢¨«ã �à ¬¥à , ¯®«ãç ¥¬, çâ®

pk =

∣∣∣∣∣∣∣∣∣∣
σ1 1 0 . . . 0 0
2σ2 σ1 1 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(k − 1)σk−1 σk−2 . . . . . . σ1 1

kσk σk−1 . . . . . . σ2 σ − 1

∣∣∣∣∣∣∣∣∣∣
(73)

� ç áâ­®áâ¨,

p2 = σ2
1 − 2σ2, p3 = σ3

1 − 3σ1σ2 + 3σ3.

3. �¨áªà¨¬¨­ ­â ¨ à¥§ã«ìâ ­â

� áá¬®âà¨¬ ¢ Z[X1, . . . , Xn] ¬­®£®ç«¥­

W (X1, . . . , Xn) =
∏

1≤i<j≤n

(Xj −Xi).

�­®£®ç«¥­ W (X1, . . . , Xn) ª®á®á¨¬¬¥âà¨ç¥­ ¯® X1, . . . , Xn. �®íâ®¬ã Wn(X1, . . . , Xn)2

ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª¨¬ ¬­®£®ç«¥­®¬ ¢ Z[X1, . . . , Xn]. � ©¤¥¬ ¥£® ¢ëà ¦¥­¨¥ ç¥à¥§
p1, . . . , pn ¨ â¥¬ á ¬ë¬ ç¥à¥§ σ1, . . . , σn ¯® ä®à¬ã« ¬ (73). � á ¬®¬ ¤¥«¥,

W (X1, . . . , Xn)2 =

∣∣∣∣∣∣∣∣∣∣
1 1 . . . 1
X1 X2 . . . Xn

X2
1 X2

2 . . . X2
n

. . . . . . . . . . . . . . . . . . . . . . . . . .
Xn−1

1 Xn−1
2 . . . Xn−1

n

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣
1 X1 X2

1 . . . Xn−1
1

1 X2 X2
2 . . . Xn−1

2

. . . . . . . . . . . . . . . . . . . . . . . . .
1 Xn X2

n . . . Xn−1
n

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
n p1 p2 . . . pn−1

p1 p2 p3 . . . pn
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
pn−1 pn pn+1 . . . p2n−2

∣∣∣∣∣∣∣∣ . (74)

� ç áâ­®áâ¨, ¯à¨ n = 2

Disc(x1, x2) =
∣∣∣∣ 2 p1

p1 p2

∣∣∣∣ = 2p2 − p2
1 = 2(σ2

1 − 2σ2)− σ2
1 = σ2

1 − 4σ2.

�¯à¥¤¥«¥­¨¥ 9.19. �¬¥¥¬

W (X1, . . . , Xn)2 = Disc(σ1, . . . , σn).

�­®£®ç«¥­

Disc(X1, . . . , Xn) ∈ Z[X1, . . . , Xn]

¨§ (74) ­ §ë¢ ¥âáï ¤¨áªà¨¬¨­ ­â®¬ .

�§ íâ®£® ®¯à¥¤¥«¥­¨ï ¢ëâ¥ª ¥â
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�¥®à¥¬  9.20. �ãáâì

f = Xn + an−1X
n−1 + · · ·+ a0 ∈ R[X],

, R { ¯®«¥, ¨ α1, . . . , αn { ¥£® ª®à­¨. �®£¤ 

Disc(σ1(α1, . . . , αn), . . . , σn(α1, . . . , αn))) = 0

¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ f ¨¬¥¥â ªà â­ë© ª®à¥­ì.

�¯à¥¤¥«¥­¨¥ 9.21. �ãáâì § ¤ ­ ¬­®£®ç«¥­

f = anX
n + an−1X

n−1 + · · ·+ a0, an 6= 0.

�à¥¤¯®«®¦¨¬, çâ® α1, . . . , αn { ¥£® ª®à­¨. �¨áªà¨¬¨­ ­â®¬ íâ®£® ¬­®£®ç«¥­  ­ §ë¢ ¥âáï

Disc(f) = a2n−2
n W (α1, . . . , αn)2.

� á¨«ã (9.19) ¨ ä®à¬ã« �¨¥â  ¯®«ãç ¥¬

Disc(f) = a2n−2
n Disc(−an−1

an
, . . . , (−1)n

a0

an
).

�¥¬ á ¬ë¬ ¬®¦­® ¢ëç¨á«¨âì Disc(f) ç¥à¥§ ª®íää¨æ¨¥­âë an, . . . , an. �ª ¦¥¬ ï¢­ë©
á¯®á®¡ íâ®£® ¢ëç¨á«¥­¨ï. �«ï íâ®£® ¢¢¥¤¥¬ ¯®­ïâ¨¥ à¥§ã«ìâ ­â  ¤¢ãå ¬­®£®ç«¥­®¢. �ãáâì
¤ ­ë ¤¢  ¬­®£®ç«¥­ 

f = anX
n + an−1X

n−1 + · · ·+ a0, g = bmX
m + bm−1X

m−1 + · · ·+ b0

á ª®íää¨æ¨¥­â ¬¨ ¢ ¯®«¥ R. �à¨ íâ®¬ ¬ë ¯à¥¤¯®« £ ¥¬, çâ®, ¯® ªà ©­¥© ¬¥à¥, ®¤¨­ ¨§
ª®íää¨æ¨¥­â®¢ an, bm ®â«¨ç¥­ ®â ­ã«ï. �®«®¦¨¬

R(f, g) =



an an−1 an−2 . . . a0 0 0 . . . 0
0 an an−1 . . . a1 a0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . an an−1 . . . . . . . . a0

bm bm−1 bm−2 . . . b1 b0 0 . . . 0
0 bm bm−1 . . . b2 b1 b0 . . . 0

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . . 0

. . . . . . . . . . . . . . . . . bm . . . . . . . . . . . . . . . . . . . . b0


∈ Mat(m+ n,R).

� íâ®© ¬ âà¨æ¥ ¯¥à¢ë¥ n áâà®ª § ¯®«­¥­ë á® á¤¢¨£®¬ ­  ®¤¨­ è £ ª®íää¨æ¨¥­â ¬¨ ¬­®£®-
ç«¥­  f ,   ¯®á«¥¤­¨¥ m áâà®ª { ª®íää¨æ¨¥­â ¬¨ ¬­®£®ç«¥­  f . �§ ¢¨¤  R(f, g) ¢ëâ¥ª ¥â

�à¥¤«®¦¥­¨¥ 9.22. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

R(f, g)


Xn+m−1

Xn+m−2

...
X
1

 =



Xm−1f
Xm−2f

...
f

Xn−1g
Xn−2g

...
g


(75)

�¯à¥¤¥«¥­¨¥ 9.23. �¥§ã«ìâ ­â®¬ ¬­®£®ç«¥­®¢ f, g ­ §ë¢ ¥âáï

R(f, g) = det(R(f, g)).

�¥®à¥¬  9.24. �ãé¥áâ¢ãîâ â ª¨¥ ¬­®£®ç«¥­ë u, v ∈ R[X], çâ® R(f, g) = fu+ gv.
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�®ª § â¥«ìáâ¢®. �á«¨ R(f, g) = 0, â® ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®. �ãáâì R(f, g) 6= 0.
�¥è ï á¨áâ¥¬ã (75) ®â­®á¨â¥«ì­® 1 ¯® ¯à ¢¨«ã �à ¬¥à , ¯®«ãç ¥¬

1 =
Uf + V G

R(f, g)
, U, V ∈ R[X].

�áâ ¥âáï ¯®«®¦¨âì u =
U

R(f, g)
, v =

V

R(f, g)
.

�¥®à¥¬  9.25. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

(1) R(f, g) 6= 0;
(2) (f, g) = 1.

�®ª § â¥«ìáâ¢®. �ãáâì (f, g) = 1 ¨ R(f, g) = 0. �®£¤  áâà®ª¨ R(f, g) «¨­¥©­®
§ ¢¨á¨¬ë. �®íâ®¬ã ­ ©¤¥âáï â ª ï ­¥­ã«¥¢ ï áâà®ª 

Λ = (λn+m−1, . . . , λ0),

çâ® ΛR(f, g) = 0. � á¨«ã (75) ¯®«ãç ¥¬, çâ®

Λ



Xm−1f
Xm−2f

...
f

Xn−1g
Xn−2g

...
g


= (λn+m−1X

m−1 + · · ·+ λn)f + (λn−1X
n−1 + · · ·+ λ0)g = 0.

�® (f, g) = 1. �®íâ®¬ã ¨§ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¢ëâ¥ª ¥â, çâ®

f |(λn−1X
n−1 + · · ·+ λ0), g|(λn+m−1X

m−1 + · · ·+ λn).

�â® ¢®§¬®¦­® «¨èì ¢ á«ãç ¥, ª®£¤  Λ = 0, â ª ª ª «¨¡® deg f = n, «¨¡® deg g = m.
�¡à â­®, ¯ãáâì R(f, g) 6= 0. �® â¥®à¥¬¥ 9.24 áãé¥áâ¢ãîâ â ª¨¥ ¬­®£®ç«¥­ë u, v, çâ®

R(f, g) = fu+ gv. �®£¤  1 = f u
R(f,g) + g u

R(f,g) , ¨ ¯®íâ®¬ã (f, g) = 1.

�«¥¤áâ¢¨¥ 9.26. �ãáâì f, g ∈ C[X]. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
(1) R(f, g) = 0;
(2) f, g ¨¬¥îâ ®¡é¨© ª®à¥­ì.

�«¥¤áâ¢¨¥ 9.27. �á«¨ R { ¯à®¨§¢®«ì­®¥ ¯®«¥, ¨ f, g ∈ R[X] ¨¬¥îâ ®¡é¨© ª®à¥­ì,
â® R(f, g) = 0.

� ¬ ¯®âà¥¡ã¥âáï á«¥¤ãîé¥¥

�à¥¤«®¦¥­¨¥ 9.28. �ãáâì R { ª®¬¬ãâ â¨¢­®- áá®æ¨ â¨¢­ ï ®¡« áâì á 1, ¨

f(X1, . . . , Xn) ∈ R[X1, . . . , Xn].

�á«¨ f(X1, X2, X3, . . . , Xn) = 0, â®

f(X1, . . . , Xn) = (X1 −X2)h(X1, . . . , Xn), h(X1, . . . , Xn) ∈ R[X1, . . . , Xn].

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ®

R[X1, . . . , Xn] = R[X1, X1 −X2, X3, . . . , Xn].

�®íâ®¬ã
f(X1, . . . , Xn) = u(X1, X3, . . . , Xn) + (X1 −X2)h(X1, . . . , Xn).

�âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥.
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�¥®à¥¬  9.29. �ãáâì K { ª®¬¬ãâ â¨¢­®- áá®æ¨ â¨¢­ ï ®¡« áâì á 1,

R = K[X1, . . . , Xn, Y1, . . . , Ym].

� R[X] ¯®«®¦¨¬

f = anX
n + an−1X

n−1 + · · ·+ a0, ak = (−1)kanσ(X1, . . . , Xn),
g = bmX

m + bm−1X
m−1 + · · ·+ b0, bk = (−1)kbmσ(Y1, . . . , Ym), (76)

£¤¥ an, bn ∈ K ­¥ à ¢­ë ­ã«î. �®£¤ 

R(f, g) = amn b
n
m

∏
i,j

(Xi − Yj).

�®ª § â¥«ìáâ¢®. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® an = bm = 1. �á«¨
Xi ®â®¦¤¥áâ¢¨âì á ­¥ª®â®àë¬ Yj , â® R(f, g) ®¡à â¨âìáï ¢ 0 ¯® á«¥¤áâ¢¨î 9.27. � ª¨¬
®¡à §®¬, ¯® ¯à¥¤«®¦¥­¨î 9.28

R(f, g) = A
∏
i,j

(Xi − Yj), A ∈ R. (77)

�® ä®à¬ã« ¬ �¨¥â  ∏
i,j

(Xi − Yj) =
∏
i

g(Xi). (78)

�«¥¤®¢ â¥«ì­®, áâ¥¯¥­ì
∏
i,j(Xi − Yj) ¯® «î¡®¬ã Xi à ¢­  m. � ¤àã£®© áâ®à®­ë, áâ¥¯¥­ì

σj(X1, . . . , Xn) ¯® Xi à ¢­  1. �®íâ®¬ã áâ¥¯¥­ì R(f, g) ¯® Xi ­¥ ¬¥­ìè¥ m. � ª¨¬ ®¡-
à §®¬, ¢ (77) áâ¥¯¥­ì A ¯® Xi à ¢­  0. �­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¯à¨¬¥­¨¬ë ¤«ï ¢á¥å
¯¥à¥¬¥­­ëå Xi, Yj . �®íâ®¬ã A ∈ K.

�®«®¦¨¬

X1 = · · · = Xn = 0, Y1 = · · · = Ym = 1.
�®£¤  ∏

i,j

(Xi − Yj) = (−1)mn, ¨ σi(0, . . . , 0) = 0, σj(1, . . . , 1) =
(
m

j

)
.

�âáî¤ 

R(f, g)(0, . . . , 0, 1, . . . , 1) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0
0 1 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0 . . . . . . . . . . . 0
1 −

(
m
1

)
. . . . . . . . . . . . . (−1)m 0 . . . 0

0 1
. . .

. . .
. . .

. . .
. . .

. . . 0

0
. . .

. . .
. . .

. . .
. . .

. . . (−1)m 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (−1)m

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)mn.

�®íâ®¬ã A = 1.

�¥®à¥¬  9.30. an Disc(f) = (−1)
n(n−1)

2 R(f, f ′).

�®ª § â¥«ìáâ¢®. �ãáâì

f = anX
n + an−1X

n−1 + · · ·+ a0, f ′ = nanX
n−1 + · · ·+ a1.

�á«¨ x1, . . . , xn { ª®à­¨ f , â® ª ª ¨ ¢ ¯à¥¤ë¤ãé¥© â¥®à¥¬¥ (á¬. (78))

R(f, g) = an−1
n

n∏
i=1

f ′(xi).
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�ëç¨á«¨¬ f ′(xi). �¬¥¥¬

f = an

n∏
i=1

(X − xi), f ′ =
n∑
i=1

n∏
j 6=i

(X − xj).

�âáî¤ 

f ′(xi) = an

n∏
j 6=i

(xi − xj),

¨, á«¥¤®¢ â¥«ì­®,

R(f, f ′) = a2n−1
n

∏n
i=1

∏
j 6=i(xi − xj) =

a2n−1
n (−1)

n(n−1)
2

∏
j<i(xi − xj)2 = an(−1)

n(n−1)
2 Disc(f).


